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Abstract 

This lecture provides an introductory review about topological held theories (TFT) 
called AKSZ type. The AKSZ construction is mathematical formulation to unify a large 
class of TFTs, inspired by the Batalin-Vilkovisky formalism of gauge theories. As an 
example, we start a simple topological field theory in two dimensions and explain ideas 
of the AKSZ construction. The construction in the example is generalized and led to 
a mathematical formulation of a general TFT called the AKSZ construction. Typical 
examples of AKSZ TFTs are listed including known and new TFTs. Mathematical 
ingredients for analysis of general gauge structures, algebroids, super geometry, etc. are 
introduced. The quantization of the Poisson sigma model is explained as an example of 
quantizations. 
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1 Introduction 

A topological field theory has been proposed in the papers |127j|128] as a special version 
of quantum field theories. Besides the mathematical definition [1], this theory has been 
reformulated by the BRST and Batalin-Vilkovisky (BV) formalism [11] |111] in a gauge theory. 
The AKSZ construction [3] [27] is a mathematical construction of a TFT based on the BV 
formalism. 
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A large class of TFTs are reconstructed and unified by the AKSZ construction. They 
contain known TFTs such as A model, B model, a BP theory, the Chern-Simons theory, the 
Rozansky-Witten theory, the Poisson sigma model, the topological Yang-Mills theory, and 
TFTs of Schwarz type [111] , etc. Moreover, a new class of TPTs have been found by the 
AKSZ construction, which has a structure of Lie algebroids, homotopy Lie algebras and their 
generalizations. 

We have several reviews about mathematical aspects so far |83j|34j[l01j . This lecture 
discusses physical constructions and analyses of AKSZ TPTs. Mathematical rigorousness is 
sometimes spoiled for simplicity. 

Pirst, we consider an abelian BP theory in two dimensions as a simplest example of TPTs 
and formulate this theory by the Batalin-Vilkovisky formalism. Next, most general consistent 
interaction terms satisfying gauge symmetries are constructed by deformation theory of gauge 
theories. As a result, an important nontrivial TPT of AKSZ type in two dimensions, the 
Poisson sigma model, is obtained. We also consider the BV formalism of an abelian BP theory 
in higher dimensions. Prom these analysis, we find ingredients in the AKSZ construction and 
a frame of mathematical formulation of TPTs. 

The mathematical basis for the AKSZ construction is a QP manifold, which is a triple 
including a graded manifold, a graded Poisson structure and a coboundary operator. Lie 
algebroids on a cotangent bundle T*M and their variations are naturally introduced as typical 
nontrivial QP manifolds, in order to discuss gauge symmetry structures of AKSZ TPTs. 

The AKSZ construction is mathematically defined as a sigma model from two graded man- 
ifolds X to M.. Deformation theory of abelian BP theories in higher dimensions introduces 
nontrivial interaction terms and derives important classes of AKSZ TPTs. Their gauge sym- 
metry structures generally are Lie algebroids and their generalizations, which are infinitesimal 
versions of groupoids. We explain concrete examples by local coordinate expressions. 

Two important applications of AKSZ TPTs are explained. One is the derivations of 
topological strings. A model and B model are derived by the gauge fixing of AKSZ TPTs in 
two dimension [3]. Another application is the construction of a deformation quantization on 
a Poisson manifold. Quantization of the Poisson sigma model on disc provides a star product 
formula on a target space [76] [25] . The second application is also an example of quantizations 
of the AKSZ TPTs. Though quantization of the AKSZ TPTs is carried out only in few case. 
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this example is one of successful cases. 

The paper is organized as follows. In section 2, the BV formalism of an abelian BF theory 
in two dimensions is considered and an interaction term is determined by deformation theory. 
This theory is reconstructed by a superfield formalism. In section 3, an abelian BF theory 
in higher dimensions is constructed by the BV formalism and reformulated by a superfield 
formalism. In section 4, a mathematical ingredient for the AKSZ construction, a QP manifold, 
is defined and examples are listed. In section 5, the definition of the AKSZ construction 
is explained. In section 6, deformation theory derives general consistent interaction terms 
in general AKSZ TFTs. In section 7, a local coordinate expression of an AKSZ TFT is 
written. In section 8, examples of AKSZ TFTs arc listed. In section 9, AKSZ TFTs on an 
open manifold are analyzed. In section 10 and 11, two important applications are discussed, 
derivations of A model and B model, and a deformation quantization on a Poisson manifold 
from the quantization of the Poisson sigma model. Section 12 is devoted to related works and 
future outlook. 

2 Topological Field Theory in Two Dimensions 

Wc explain concept of the AKSZ construction by a simple example. We start an abelian 
BF theory in two dimensions and consider its Batalin-Vilkovisky formalism. A consistent 
interaction term is introduced by deformation theory and the BV formalism of an interacting 
theory is summarized to a clear mathematical construction. 

2.1 Abelian BF Theory in Two Dimensions 

A simplest topological field theory is an abelian BF theory in two dimensions. Let E be a 
manifold in two dimensions with a local coordinate {/i — 0,1). We suppose E has no 
boundary. In this article, we take the Euclidean signature. 

Let Aij,i{a) be a gauge field and 0*((7) be a scalar field, where i — 1,2,-- - ,d is indices on 
a target space in d dimensions. The action is as follows: 

where FQ^iii = d^Ai^i — duA^i is a field strength. Note that a boundary integral vanishes. This 
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theory has the U{1) gauge symmetry: 

SoA^i = d^ei, So(f)' = 0, 

where €i{a) is a gauge parameter. 

Let us consider the following problem. We add terms to Sa and deform a gauge symmetry 
60 as 

•S* = Sa + Sj, 
6 = 60 + Si. 

Then we search consistent S and S. The new action S and the new modified gauge symmetry 
6 must satisfy following two consistency conditions. The action is gauge invariant: 6S = 0, 
and the gauge symmetry algebra is closed, at least under the equations of motion, = 
+ (equations of motion). 6S = must be satisfied without the equations of motion but 
the closedness condition for a gauge algebra [6^, 6^1] = + (equations of motion) is sufficient 
to be satisfied along the orbit of the equations of motion. 

In order to construct a consistent field theory, physical conditions are imposed on 5": S 
is required diffeomorphism invariant, local and unitary. Two actions are equivalent if they 
are classically equivalent gauge theories by local replacement of the basis. That is, if two 
actions coincide S{^) = 5'($) under local redefinition of fields $ = /($), they are equivalent. 
Moreover we require that two theories are equivalent if 5i = 0. From requirement of a local 
field theory, we have a Lagrangian C, such that S = jj. (PaC, where £ is a function of local 
fields. We assume that C is at most a polynomial with respect to a gauge field A^i. 

The problem is to determine the most general Sj under the assumptions above. In order 
to unify two conditions 6S = and = 5[e,e'] + (equations of motion), we formulate 

the theory by the Batalin-Vilkovisky formalism. This is the most general method to realize 
consistency of a gauge theory. 

Let us apply usual procedure to this abelian BF theory to construct a gauge theory by 
the BV formalism [52] [12]. First, a gauge parameter is replaced to the FP ghost q, which 
is a Grassmann odd scalar field. The ghost numbers gh$ are defined as ghA^i = gh0* = 
and ghcj = 1. A gauge transformation 60 is converted to a BRST transformation such that 
(5q = by replacement to the FP ghost. This condition imposes Soq = 0. 
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Table 1: Ghost number and form degree of fields and antifields 



form degree \ghost number 


-2-1 1 



1 


C*' 4>* 0* Ci 

A*^'' A^i 



For all the fields $ = {A^i, (f)\ q), antifields = (^4*'^', (f)*, c**) are introduced, which have 
reverse Grassmann properties and the same spins with the corresponding field. The ghost 
numbers of antifields are defined by the equation gh $ + gh $* = —1. A*^'^ is a vector of ghost 
number —1. (p* is a scalar field of ghost number —1. c** is a scalar field of ghost number —2. 

Next an odd Poisson bracket called the antibracket is introduced as {$(cr), $*((t')} = 
*(ct)} ^5^{a- a'). It is written as 

{F.G} . ^l,^.(^F^^J^^G-Fj^^J-,^GyHa-a') (2.1) 

where differentiations are functional differentiations and Fg^^j — (— l)(g^^-gh^)(g^^) is a 
right differentiation and g^^^F — Q^f^^,^ is a left differentiation. The antibracket is graded 
symmetric, and satisfies the graded Leibniz rule and the graded Jacobi identity: 

{F,G} = -(-l)(gh^+i)(ghG+i)|(2',F}, 

{F, GH} = {F, G}H + (-l)(ghi^+i)ghG(;;|^^ jj^^ 

{FG, H} = F{G, H} + (_i)ghG(ghi/+i)|^^ ^1^^ 

(^_-^Y^hF+i)(ghH+i)^p^ ^ ^y^^.^ permutations = 0, 

where F, G and H are functions of $ and 

Finally a Batalin-Vilkovisky (BV) action S^'^^ is constructed as follows: 

^(0) = 5^ + (-l)g'^* y" $*(5o$ + 0($*'), 

where C>($*2) jg determined order by order to satisfy {S^^\ S^^^ = 0. {S^^\ S^^^ = is called 
a classical master equation. In the abehan BF theory, the BV action is defined by adding 
ghost terms as 

^(0) = / d^ae'"'Ai,id,(j)' + [ (faA*^'d,Ci, 
./e is 

and = 0. It is easily confirmed that S^^^ satisfies the classical master equation. 
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The BRST transformation in the BV formahsm is 

which coincides with the gauge transformation on fields $. The BRST transformations are 

5o0*i = e^^'d.A,,, 6oc*' = -d,A*^\ (2.2) 

and zero for other fields. The classical master equation {S''-'^\ S^^^ = guarantees two con- 
sistency conditions by one equation, gauge invariance of the action and closedness of a gauge 
algebra. Gauge invariance of the action is proved as SqS^^^ = {S^'^\ 5**^°^} = 0. Closedness of 
the gauge symmetry algebra is proved as 6^F = {S'^°\ {S'^^\ F}} = 1{{S^^\ F} = by 
using the Jacobi identity. 

2.2 Deformation of Abelian BF Theory in Two Dimensions 

Deformation theory of gauge theories is a systematic method to obtain a new gauge the- 
ory from a known gauge theory [9] [6] [51]. Deformation theory in the BV formalism locally 
determines a nontrivial consistent interaction term Sj. 
We consider deformation of a BV action S'*-°^ to 5* as 

5 = 5(°) + (75«+/5(2) + ... , (2.3) 

under the fixed antibracket { — ,—}, where g is a deformation parameter. From consistency, 
the classical master equation {S", S"} = on S" is required. Moreover we require the equivalence 
relation. 5" is equivalent to 5* if and only if S" = S* + {S,T}, where T is an integration of 
a local term written by fields and antifields. This condition corresponds to the physical 
equivalent condition in the previous subsection. S^'^^ {n = 1,2, ■■■) is determined order 
by order by solving expansions with respect to g^. Physical conditions explained in the 
previous subsection, invariance, locality and unitarity, are required for the resultant theories 
to be physically consistent. It is required that S is diffeomorphism invariant on E and an 
integration of a local function (Lagrangian) C on E, and has ghost number 0. 

We substitute the equation f l2.3p to the classical master equation {S, S} = 0. At g^ order, 
we obtain {S'*-'^'', 5'*-°''} = 0. This equation is already satisfied since it is the classical master 
equation of the abelian BF theory. 
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At order, we obtain 

{^(o),^(i)} = 5o5(i) =0. (2.4) 

From the assumption of locality, S^^^ is an integral of a 2-form C^^^ such that S^^^ = J^C^^\ 
The equation (12.41) requires that SqC^^^ is a total derivative. Then the following descent 
equations are obtained by repeating the same arguments for descent terms: 

5oC^^^ + dai = 0, 
6oai + daQ = 0, 
6oao = 0, 

where Oi is a 1-form of ghost number 1 and Oq is a 0-form of ghost number 2. cq is determined 

as 

up to (5o exact terms. Here f''^{4>) is an arbitrary function of such that = — 

Note that terms dependent of a metric on S or terms including differentials are prohibited 
because those terms are 6o exact up to total derivatives. If we solve descent equations, 

up to BRST exact terms, and is uniquely determined as 

up to BRST exact terms Here = dx^A^^i, A+' = dx^'e^^A*''\ (pf = = *c« 

and * is the Hodge star on E. Note that \ 

SqAi = dci, 6o(f)~^i = dAi, 
6oA+' = -d(j)\ 5oc+' = dA+\ 

At g'^ order, the master equation is {5*^^^ S'*^^^} + 2{5'*^''\ S^'^^} = 0. From the assumption of 
locality, 5**^^^ is an integral of a local function C^'^^ of fields and antifields. Since 5o(\l') = d^{*) 

''In the Lorentzian signature, the transformations of A'^ and c+ have the opposite signatures. 
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for all the fields and antifields, {S'*-"-', S*^^-*} = J dC^"^^ = if there is no boundary term. Since 
S is assumed not to have a boundary, this equation is satisfied. Then if S*^^^ is redefined as 
SW = 5(1) + ^5(2), 5(2) is absorbed to S'^^\ 

Continuing this procedure order by order, we obtain 

5(") = 0, (n = 2,3,---), 

{5(i),5(i)} = 0. (2.6) 
Substituting (12. 5p to {S'^^\ ^(i)} = 0, the following condition on is obtained: 

Q fij a fjk a fkl 

We have the general solution of deformation of an abelian BF theory in two dimensions 
. The complete BV action is following: 

S = 5(°) + (75(i) 



1 d'^p 
"ii 



(2. 



Here f^^{4>) satisfies the identity (12. 7p . If we set $* = 0, we have the usual action: 



s 



2 



1 



Ad<j)' + -r{(j))AA,, (2.9) 

where g is absorbed by the redefinition of /. This action is called the Poisson sigma model, 
and also called the nonlinear gauge theory in two dimensions [HI] |107] |lU8j . 

Theorem 2.1 Deformation of an abelian BF theory in two dimensions is the Poisson sigma 
model \6l 



This model is considered as a simplest nontrivial AKSZ TFT. 
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2.3 The Poisson Sigma Model 

In this subsection, properties of the Poisson sigma model fl2.9p are hsted. 
If f''^{(f)) = 0, then the theory reduces to an abelian BF theory, 



If P-^{4>) is a linear function, = f'^^k(p^, ( 12. 7p is equivalent to the Jacobi identity of the 

structure constants f^^k of a Lie algebra. The theory is a nonabelian BF theory: 



where F^yi = d^A^i — dyA^j^i + f^^iA^jA^k, and this action has the following gauge symmetry: 
The Poisson sigma model has the following gauge symmetry: 



2 



SA^, = d^e, + - 'JU ^jek, (2.10) 



under the condition fl2.7p . In fact, we can directly prove that the requirement 6S = under 
the gauge transformation (12.101) is equivalent to 



The gauge algebra has a following form: 



dp'' SS 



[5{e,),5{e2)]A^^ = 5{e3)A^, + e^,e2kg^i(|>)e^.JJ-^, (2.12) 

where ei and 62 are gauge parameters and e^i = ^r(0)eije2fc- The equation ( 12.12^ for show 
that the gauge algebra is an open algebra. This is also proved as the algebra of constraints: 

G' = d,^' + ri^)A,j. 

The constraints satisfies the same gauge algebra by the Poisson bracket. Therefore this 
theory cannot be quantized by the BRST formalism, but the Batalin-Vilkovisky formalism. 
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This model is a sigma model from a manifold in two dimensions S to a target space M, 
based on a map : S — y M. If ([22D is satisfied on G(0)}p.b. = P{(j))§^^ 

defines a Poisson bracket on a target space M since the equation f l2.7p is the Jacobi identity 
of this Poisson bracket |? 

Conversely, assume a Poisson bracket {F{(f)),G{(f))}p,B. = on M. Then the 

equation f l2.7p is derived from the Jacobi identity, and the action fl2.9p constructed by this 
is gauge invariant. From this property, the action S is called the Poisson sigma 
model. 

The algebraic structure of the gauge algebra is not a Lie algebra but a Lie algebroid 
over a cotangent bundle T*M \8Q\ . 

Definition 2.2 A Lie algebroid over a manifold M is a vector bundle E M with a 
Lie algebra structure on the space of the sections T{E) defined by the bracket [61,62], for 
61, 62 G T{E) and a bundle map (the anchor) p : E TM satisfying the following properties: 

I7 [p(ei),p(62)] = p([6i,62]). For 61,62 er(E), 

2, [61, F62] = F[6i, 62] + (p(6i)F)62, For 61, 62 G T{E), F G C^{M), 

where the bracket [— , — ] on the right hand side in the equation 1 is an usual Lie bracket of 
the vector fields. 

Let us take local coordinates expressions. Let be a local coordinate on a base manifold M 
and Ca be a local basis on the fiber of E. Two operations in the definition 12.21 are expressed 
as 

p{ea)F{x) = fia{x)^^^, [ea,eh] = f2\b{x)ec, 

where i,j, ■ ■ ■ are indices on M and a,b, - ■ ■ are indices of the fiber of the vector bundle E. 
fi and /2 are local functions. Then the equation 1 and 2 in the definition 12.21 are 

r m ^ f 1 ^ m ^ f 1 o- \ f i f c ri 

+ = 0. (2.13) 



■^In this paper, {— , — } is a BV antibracket and {— , —}pg is an usual Poisson bracket. 
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If we consider the cotangent bundle E = T*M, the indices on the fiber a,b, ■ ■ ■ runs the same 
numbers as We can take fi^{4>) = f^-'{(t>) and f2i-'^{4') = ^r(0)- Substituting these 

equations to fl2.13p . we obtain the Jacobi identity fl2.7l) . 

The action fl2.9p is unitary, and physical degrees of freedom of fields are zero because we 
analyze the constraints in the Hamiltonian analysis or counting the gauge symmetries in the 
Lagrangian analysis. The partition function does not depend on a metric on S and M. That 
is, the Poisson sigma model is a topological field theory. 

Gravity in two dimensions is regarded as the Poisson sigma model, which is a nontrivial 
example of this model [51]|57][lU8] . Let a target manifold M be in three dimensions. Take 
the target space indices i = 0, 1, 2 and i = 0,1. Let us denote = (e^^, co^) and 0* = (0*, ip). 
We set as 

= f2l^^^^_f^^^^^^ f'm=0. (2.14) 

The equation (12.141) satisfies (12. 7p . Then the action (12. 9p reduces to 

where g is a. determinant of a metric g^i, = fj^-'e^ie^j on E, i? is a scalar curvature and is a 
torsion. It is identified that e^j is a zweibein and u"^^ = u^e^^ is a spin connection. This action 
is the gauge theoretic formalism of the gravitational theory with a dilaton scalar. 

Let G be a Lie group. The Poisson sigma model on the target space T*G reduces to the 
G/G gauged WZW model by a proper gauge fixing of [2\. 

If f^^ is invertible as an antisymmetric matrix, f^^ defines a symplectic form on M. Then 
Afj_i can be integrated out and the action becomes so called A-model, 

which integrand is a pullback of a symplectic structure on M. If M is a complex manifold, 
B-model is derived from the Poisson sigma model [3]. 

A Poisson structure is defined from a classical r-matrix. A sigma model in two dimensions 
with a classical r-matrix is constructed as a special case of the Poisson sigma model [39] |19]. 
which has the Poisson-Lie structure. 
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The Poisson sigma model is generalized by introducing a WZ term f^^ ^Hiji^[(j))d(l)'^ /\d(fP A 

S = I Ad<j)' + ^P{<j))AA,+ I ^H,^k{<j))d<j)'Ad<f)^ Ad<f)^ (2.15) 

where X3 is a manifold in three dimensions such that = S and H{(f)) = ^Hijk{(t))d(jf A 
d(f)^ A d(j)^ is the pull back of a closed 3-form on M. This action is called the WZ-Poisson 
sigma model [75] . 

Quantization of the Poisson sigma model describes a deformation quantization on a Pois- 
son manifold. Let S be a disc in two dimensions. A tree open string amplitudes of boundary 
observables of the Poisson sigma model coincide with a deformation quantization formulae on 
a Poisson manifold M by Kontsevich [25j. This corresponds to the large B- field limit in the 
open string theory [113] . 

2.4 Superfield Formalism 

From now on, we set g = 1 by absorbing g to Z*-'. The BV action of the Poisson sigma 
model (12. 8p is simplified by introducing supercoordinates |25]. Let us introduce a Grassmann 
odd supercoordinate 9^ (/i = 0, 1). It is not a spinor but a vector, therefore 9^ carries ghost 
number, which is assigned by 1. 

Superfields are introduced by combining fields, antifields and 9 as 

(j)\a, 9) + 9^'Al' + ^^^^"c+^ = 0* + + c+\ 

A,((T, 9) = -Q + 9''A^i + U>'9''<p+^.-^ = -Q + A + 0+, (2.16) 

where each term in a superfield has the same ghost number I?' Note that component superfields 
are denoted by the same notation in the non superfield formalism in this subsection, da is 
replaced by 9 in (I2.16p . The original fields (jf and A^i are in (6')^'^* components in superfields, 
respectively. Ghost number is also called degree |$| in the AKSZ formalism. The degree of 
is and the one of A is 1. 

The BV action (12. 8 p is summarized to the super integral of superfields as 

S = ! d^ad^9 (A,d(f)' + lp{<ti)A,A,) (2.17) 

JT[1]E V ^ / 

"'Note that that da^ is commutative with a Grassmann odd component field in the nonsuperfield BV formahsm, 
but 0^ is anticommutative with a Grassmann odd component field in the superfield formalism. 
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where d = d^df^ is a superderivative and T[1]S is a supermanifold which has a local coordinate 
The degree of S is 15*1 = 0. If we make the integration with respect to (12.171) 
reduces to the equation fl2.8p . 

The antibracket (12. ip is combined to the super antibracket: 

{F, G}= f d^ad^e ( F—^G - F^it—g] 5\a - a')5\e - 9'), 

where F and G are functions of superfields. The classical master equation is combined to 
the super classical master equation {5, S} = 0. The BRST transformation on a superfield 



$ = $(0) + + l^M^'-.l)^^) 



IS 



5$ = {s, = - e^s^^^^ + 

because the BRST transformation b has ghost number 1. The BRST transformation on each 
field is also summarized by superfields as: 



J' 



bA, = {S, A,} = dA, + A,A,. 

A (pull back of a) Poisson bracket on a target space is constructed by the double bracket of 
the super antibracket: 

{F(0),G(0)}p.^. = r(^)^|^^^l0=^ = ~{{F{cf>),S},Gm\^^^, 



This double bracket is called a derived bracket 

This superfield description leads us to mathematical constructions of a BV action of a 
topological field theory called the AKSZ construction. Physical ingredients are reinterpreted 
as mathematical ingredients as follows: A BV formalism is an AKSZ construction. A super- 
field is a graded manifold. A BV antibracket is a graded symplectic form. A BV action and 
the classical master equation is a coboundary operator Q with = and its realization by 
a Hamiltonian vector field. 
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3 Abelian BF Theories for z-Forms Gauge Fields in 
Higher Dimensions 



3.1 Action 

Superfield constructions in the previous section are applied in a wide class of TFTs. An 
abelian BF theory in n + 1 dimension is considered as an example to guess the formulation 
of the AKSZ construction. 

Let us take a manifold Xn+i in n + 1 dimensions. Take a local coordinate a'^ on Xn+i- 

i-form gauge fields, e"'-*-' = j^da'^'^^'' A ■ ■ ■ A da^'^^^ e°'^^ly^^^i^^-^{a) ^ are introduced, for < i < n. 
Here an index for an i-form gauge field is denoted by a{i). For convenience, we divide 
e'^^^^'s to two types, (g"(*\pa(n-i)) where, g'^W = e"(*) if < i < [n/2\ and Pa^n-i) = e""^^ 
if [(n + 1)/2J < i < n, where |_mj is the floor function which gives the largest integer less 
than or equal to m. If n is even, g"(l-"/^J) and Pa(n-L(n+i)/2j) = Pa{n/2) are essentially the same 
gauge fields. Strictly speaking, introduce a metric /Ca(n/2)6(n/2) on the space of |-forms. Then 
we take Pa(n/2) = ^a(n/2)6(n/2)?''^"''^^^- Wc also dcuotc a 0-form as q"-^^^ — e"-^^^) and an 

n-form Ca(o)(= Pa(o) = e"^'*)). 

The action Sa of an abehan BF theory is the integration of a Lagrangian hke e A de', 
which is nonzero only for e A de' is a n + 1-form. Therefore the action has the following form. 
If n =odd. 




and if n =even. 
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The sign factors are for convenience. If we define Pa(n/2) = ^a(n/2)&(n/2) Sas for both 

n — even and odd have the unified expression: 

0<i<Ln/2J,a(i) 

This action has gauge symmetries: 

= Spad) = d/^-'-'\^i), (3.19) 

where is a i — 1-form gauge parameter and p''"'~*~^''a(i) is a n— i — 1-form gauge parame- 

ter. Two equations are summarized as 5e"*^*) — (^e(»-i)>«W^ -y^^here e^*~^^'"*^*^ — (g*-*~^^'"^*\p'-*~^^a(n- 
is a i — 1-form gauge parameter. 

If i-forms are expanded by local fields as e"'^'^\a) — ij.(k) hA^^^^^ ' ' ' dc'^'^'^^e"'^'^^ ni^i)...^^k)(cr), 
the action becomes 

0<i<Ln/2j,o(i),/i(i) ^' '^'^ 

3.2 Batalin-Vilkovisky Formalism 

In the Batalin-Vilkovisky formalism, the ghosts, ghosts for ghosts and antificlds arc introduced 
for each i-form gauge field, e"*^*^. First, a gauge parameter e*^*~^^'"^*) is regarded as the FP 
ghost of ghost number 1. Moreover we need the following towers of the 'ghost for ghosts' 
because the gauge symmetry is reducible: 

^^g(i-l),a(i) ^ ^g(i-2),a(i)^ 

(5oe(°)''^» = 0, (3.20) 

where e^*^^'"^*) is a /c-form ghost for ghosts. A; = 0, • • • ,i — 1. e^*^^'"^*) has ghost number i — k. 
As usual, these fields are Grassmann odd/even if ghost number is odd/even. We denote the 
original field by e*^*^'"*^*) = e"*^*). 

Next, antifields e**^^)a(j) arc introduced for fields and ghosts e*^'^^'"*^*). e*^''\(^i) is the same 
/c-form as e*^^^'"*-*-'. Since gh($) -|- gh($*) = —1, an antifield has ghost number k — i — 1. It 
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is convenient to introduce the Hodge dual of a antifield, e^*^"^^ ''^a{i) = which is a 

{n + 1 — A;)-form of ghost number k — i — 1. The antibracket is defined as|^ 



{F, G} ^ J2[ ^"^'^ ( ^ 
i,k "^^"+1 \ 



aeW."W(a)ae+("+i-*^)a(i)(a') 



.^y(n+i-*) ^ 1 (5"+V(T - a'). (3.21) 



The BV action has the following form: 



0<i<[n/2j,l<fc<i -^^ri+l 
0<j< \_n/2\ ,l<k<i -^-^"+1 

+ (_l)*+^-"p+(fc+i)><^Wrfp(n-fe-i)^^^^) . (3.22) 
3.3 Superfield Formalism 

Let us introduce a super coordinate 6^ of ghost number 1. The ghost number is called degree 
in the superfield formalism, again. Forms c/a^'s in e'-^^'"*-*'' and e"'"*-"'"'"^~'^''a(i), are replaced by su- 
per coordinates e^'. e^^'^'''^^ and e+('"+^-^)a(i) are converted to e^^)''*^^) = (i)^^^^^) ■ ■ ■ ^'"^^^ejf^^^j^^.^^^) 
of degree i and e+("+i-'=),(,) = (±)^^''(i) ■ ■ ■ ^^^^"+'-')e+^^)+\-'^^(„^,_,)(a) of degree n - ^. 
Though complicated sign factors appear in the correspondence of original ghosts and anti- 
fields to superfield components, we do not write explicit sign factors since that correspondence 
is one to one and we can identify the original fields and ghosts by ghost number and form 
degree. We define a superfield of degree i by combining e^^^'"*^*) and e+("+^^'^)a(j) of degree i: 

ga« ^ e(0),a(i) _^ g(l),a(i) _^ ^ 

_|_g+(j+l):a(n-«) _j_ g+(*+2),a(n.-i) _j_ . . . _j_ g+(n),a(n-i) 



A;=0 k=i+l 



'^Though we use rough notation for a functional super derivative in this paper, it can be defined more mathe- 
matically. 
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where < i < n. Note that fields and ghosts for a i-form gauge field and antifields for a 
n — z-form gauge field are combined |23] [33] . 

Let us introduce notation of the super antibracket conjugate pair e°(*^ = {q"'^^\ Pa{n-i)) ■ 
Then superfields are written as 

i n 

k=0 k=i+l 
i n 

Pai,.) = E 9^'^a(n-.). (3.24) 

fc=0 k=i+l 

If n =even, Pa{n/2) = ^a(n/2)6(n/2)q'^^"^^^- Therefore qr"("/2) contains both ghosts and antifields 
for a |-form gauge field qr("/2)'a("./2). 

n/2 n 

q<n,2) ^ J2qik)Mn/2)^ Y: r("/^)^("/^)q(.),(n/2), (3-25) 

k=0 k=n/2+l 

The the antibrackets and BV action are simplified by superfields. The antibracket f l3.2ip 
is rewritten by superfields (13.231) as follows: 



{F,G} = I rf"+Vrf"+ig I F - — r — G 



tiy(n-i);p ^ G 1 5"+i(a - a')5"+'(^ - ^0- (3-26) 



tr -3- 



ijjO-bWj) ig g^Yi inverse of a graded symplectic structure on superfields. This satisfies conditions 
for the antibracket. That is, it is graded symmetric and satisfies the graded Leibniz rule and 
the graded Jacobi identity. The graded antibracket decreases degree by n. The BV action 
fl3.22p is rewritten to the equivalent super BV action as 

r[i]x„+i ^ 

where is a Berezin measure on a supermanifold. 
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If we consider deformation theory, possible deformation Sj in a BF theory is obtained as 
the previous section. Deformation theory in the superfield formahsm derives the same result 
as in the non superfield BV formalism in case of a topological field theory [5B][Sn]. Therefore 
we consider only a superfield formalism from now. 

These constructions of a topological field theories in the section 2 and 3 have the same 
structures: superfields, antibrackets and BV actions. These are mathematically formu- 
lated as QP manifolds. 

4 QP Manifold 
4.1 Definition 

A QP Manifold is a key mathematical structure for the AKSZ construction of a topological 
field theory. This section and the next section is devoted to the mathematical formulation. 
Reader can also be referred to following articles including reviews |27]|104] |101j|34j . 

For superfields, a graded manifold is the mathematical counterpart. Locally it is defined 
as even coordinates and odd coordinates. Mathematically, a graded manifold on a smooth 
manifold M is defined as a ringed space with a structure sheaf of a graded commutative algebra 
over an ordinary smooth manifold M. Grading is compatible with supermanifold grading. 
That is, a variable of even degree is commutative and one of odd degree is anticommutative. 
Ai is locally isomorphic to C°°{U) S'{V), where f/ is a local chart on M, ^ is a graded 
vector space and S'{V) is a free graded commutative ring on V. We can refer to [20] j 94] |122] 
for a rigorous mathematical definition of a supermanifold. 

Now the grading is assumed to be nonnegative |/ A graded manifold is called a N-manifold, 
if grading is nonnegative. Grading is called degree. 

A mathematical structure corresponding to the antibracket is a P-structure. A N- 
manifold equipped with a graded symplectic structure u of degree n is called a P-manifold 
of degree n, {J^,co). co is called a P-structure. The graded Poisson bracket on C°°(A^) is 
defined from the graded symplectic structure on as {f,g} = {—ly^^'^^ixfixg^, where a 
Hamiltonian vector field Xf is defined by the equation {f,g} = Xjg, for /, (? G C°°(A^). 

^ Though we do not consider a grading with negative degree in this article, there is a sigma model on a target 
graded manifold with negative degree [5S] [134) , . 
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Finally, a mathematical structure corresponding to a BV action is prepared, which is 
called a Q-structure. Let {Ai,uj) be a P- manifold of degree n. Suppose a differential Q of 
degree +1 with = on A^. Q is called a Q-structure. 

Definition 4.1 A triple {Ai,uj,Q) is called a QP-manifold of degree n and its structure is 
called a QP structure, if u and Q are compatible, that is, Cquj = . 

Q is also called a homological vector field. We take a Hamiltonian G C°°{A4) of Q with 
respect to the graded Poisson bracket { — , — } satisfying 

Q = {e,-}. (4.27) 

has degree n + 1. The differential condition, = 0, implies that is a solution of the 
classical master equation, 

{0,0} = O. (4.28) 

4.2 Notation and Examples 

Let us introduce notation of a graded manifold. Let be a usual vector space. Then V[n] is 
a vector space shifting degree by n. More generally, if is a graded vector space of degree 
m, elements of Vm[n] have of degree m + n (It is denoted by Vm+n = Vm[n].). If V has degree 
n, the dual space V* is assigned as degree —n. 

Let M be an usual smooth manifold. Given a vector bundle E — y M, E[n] is a graded 
manifold assigning degree n for fiber variables. A graded tangent and cotangent bundle are 
denoted by T[n\M and T*[n]M if degree of fiber is shifted by n. A base variable has degree 
and a fiber variable has degree n. 

This notation is generalized to the case that both M and the fiber are graded. E[n] means 
degree of the fiber is shifted by n. Let M be an smooth manifold. For example, TM[1] is 
a tangent bundle with both base degree and fiber degree (1,1). Considering duality of V 
and V*, T*M[1] is a cotangent bundle with base degree and fiber degree (1,-1). Therefore 
r*[n]M[l] is a cotangent bundle of degree (l,n — 1). 

Let us consider a typical example, a cotangent bundle of a vector bundle T*E. We take a 
local variable on E, (x*, g"), where is a variable on M and is a variable on the fiber. And 
we take dual variables {C,i,Pa) on a cotangent space. If we consider a graded bundle T*[n]£'[l], 
{x\ g") have degree (0, 1) and {^i,Pa) have degree (0 + n, —1 + n) = (n, n — 1). 
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[n] is notation for Z-graded degree. We can regard a graded manifold as a 'super' manifold 
if degree is defined only by mod 2. Then the reverse of odd and even degree is denoted by 
n. For example, UTM is a tangent bundle of which degree of fiber is odd. UTM ~ T[1]M if 
we consider degree by mod 2. 

C°°{E[1]) is equivalent to the sheaf of sections of A'E: C'^{E[1]) = r{A'E) by identifying 
a degree one element to a basis of the exterior algebra. 

Typical examples of QP manifolds are listed. 

Example 4.2 (Lie Algebra.) Let n > 1. A Lie algebra becomes a QP manifold of degree 
n on a point M = {pt} for arbitrary n. 

Let g be a Lie algebra with a Lie bracket [— , — ]. Then T*[n]g[l] ~ ^[l] © 0*[n — 1] is a P 
manifold of degree n by a graded symplectic structure induced from a canonical symplectic 
structure on T*q. We take local coordinates, q"' e g[l\ of degree 1 and Pa G Q*[n — 1] of 
degree n — 1. A P-structure uj — 5q"' A Spa is of degree n and induced from the canonical 
symplectic structure on T*q ~ g ® g* by shifting degree of coordinates. Taking a Cartan form 
Q — [?) q\) — \f"'hcPa(i'(f, where (— , — ) is a canonical pairing of g and g* and /"(,c is a 
structure constant, © defines a Q-structure since this satisfies {©,©} = by a Lie algebra 
structure. 

4.2.1 n=l 



Example 4.3 (Poisson Structure.) Let n = 1. Then a graded manifold Ai has two de- 
grees (0, 1) and is canonically considered as A4 = T*[1]M. Take a local coordinate {x\^i) on 
T*[1]M of degree (0, 1), is a coordinate of the base manifold M and is one of the fiber. 
Note that is an odd element, ^i^j — ^j^i. A P-structure is a; = Sx^ AS^i. For n = 1, a graded 
Poisson bracket {— , — } is also called a Schouten-Nijenhuis bracket. Because a Q-structure 
Hamiltonian © has degree two, a general form is © = where p^{x) is an arbitrary 

function of x. The classical master equation {©, ©} = imposes the following condition on 
Pix): 

^ll^f\x) + {ijk cyclic) = 0. (4.29) 
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If satisfies the equation (14.291) . the equation 

{F, = fHx)g-g- = -{{F, e}, G}. (4.30) 

defines a Poisson bracket on M. (I4.29P is derived from the Jacobi identity of this Poisson 
bracket. 

Conversely, assume a Poisson bracket {F,G}p^ on M. A Poisson bracket is locally 
written as PK"^)^^- Then 6 = \r^{x)^i^j satisfies the classical master equation and is a 
Q-structure. 

Thus a QP manifold of degree 1 on T*[1]M is a Poisson manifold on M. This is also 
regarded as a Lie algebroid in the definition (12. 2p on T*M. A Q-structure B is called a 
Poisson bivector field. 

Example 4.4 (Complex Structure.) Let M be a complex manifold. A linear transforma- 
tion J : TM — y TM is called a complex structure if following two conditions are satisfied: 

1) J2 = _1. 

2) For x,Y e TM, n^[n±x, n±r] = o, 

where II-i- is a projection to ±a/— 1 eigen bundles in TM and [— , — ] is a Lie bracket of vector 
fields. 

We take a local coordinate expression J'j. Let us consider a graded manifold Ai = 
T*[1]T[1]M. This double vector bundle is locally isomorphic to U x R'^[l] x R'^[l] x i?'^[0], 
where U is a local chart on M. Let be a coordinate on M, be a coordinate of the fiber 
of T*[1]M, be a coordinate of the fiber of T[1]M, and pi be a coordinate of the fiber of 
T*[0]M. A P-structure is defined as 

u = 6x' A + 6pi A 6q\ 

If a Q-structure is defined as 

(9 P 



te^M 1 







{0, 0} = is equivalent to the integrability condition 2) in the definition of the complex 
structure J. 
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4.2.2 n = 2 



Example 4.5 (Courant Algebroid.) Let n = 2. Then a P-structure u is an even form 
of degree 2. A Q-structure 9 has degree 3 and = defines a Courant algebroid [36] [88] 
structure on a vector bundle E [102] [103] . 

First, let us take a P-manifold of degree 2, (Al,^). Local coordinates are {x\q°',$,i) of 
degree (0, 1,2). We need a 'metric' kab on the degree 1 part to construct u. A P-structure u 
of degree 2 is locally written as 

u = 5x'a + ^dq" A 5q\ (4.31) 

A general form of a Q-structure function is of degree 3 and 

e = /i^a(x)6g" + ^/2a6c(a;)gVg^ (4.32) 

where fia{.x) and f2abc{x) are local functions of x. A Q-structure condition {6,6} = 
impose the following relations on these functions: 

fc"Vl'a/l\ = 0, 

^fl'c - ^h'b + k'^fl\f2fbc = 0, 

r i 9f2abc n i 9f2dab n i df2cda n i df2bcd 
Jl Jl c— JT" H Jl b^Tl ha 



ox'- ax* ax* ax* 

+ k^^ if2eabf2cdf + f2eacf2dbf + f2eadf2bcf) = 0, (4.33) 

We can prove that these identities f l4.33p is a local coordinate expression of a Courant 
algebroid on a vector bundle E. 

Definition 4.6 A Courant algebroid is a vector bundle E — > M and has a nondegenerate 
symmetric bilinear form (■ , ■) on the bundle, a bilinear operation o on T{E) , an a bundle 
map called an anchor map p : E — > TM satisfying the following properties: 

1, ei o {62 o es) = (ei o 62) 063 + 620 (ei o 63), 

2, p(ei o 62) = [p(ei),p(e2)]. 



3, ei o Fe2 = F(ei o 62) + (p(ei)F)e2, 

4, ei o 62 = -I^(ei ,62), 

5, p(ei)(e2 ,63) = (ei o 62 ,63) + (62 ,ei o 63), (4.34) 
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where 61,62 and 63 are sections of E, F is a function on M. V is a map from functions on 
M to T{E) and is defined as {VF ,e) = p{e)F. 

The following theorem has been proved in |102j . 

Theorem 4.7 A QP-structure of degree 2 is equivalent to the Courant algebroid on E. 

Connection of the equation (14.321) to a Courant algebroid is a direct result of this theorem. 
Let X* be a local coordinate on M and 6" be a local coordinate on the fiber of E. We can 
write each operation on the local basis x*, 6" as follows: 

e«oe2 = rt''72dec(x)6^ 

dF 

p(6»)F(x) = -k^^f,\[x) — {x), 

where /i and /2 are some local functions. Then substituting these expressions to the relations 
(Olj) . we obtain the identities (OH]) . 

These operations are constructed from a QP manifold M. as 

61 62 = -{{ei,6},e2}, 
(ei ,62) = {61,62}, 
p(6)F^{6,{e,F}}, 

!?(*) = {6,*}, (4.35) 

where x is of degree and e is of degree 1. We can prove that {O, 0} = derives the Courant 
algebroid structure (I4.34p . E is recovered from a graded manifold by a natural filtration 
of degree M — > E[l] — > M. 

An important example of the Courant algebroids is the direct sum of tangent and cotangent 
bundles, E = TM®T*M. A bilinear operation is defined as {X+C)°{y+v) = [XH, Y+vId = 
[X, Y] + Lxf] — iyd^. Here X,Y & TM are vector fields, & T*M are 1-forms, [— , — ] is an 
usual Lie bracket on vector fields, Lx is a Lie derivative and ix is an interior product. This is 
called the (Courant-)Dorfman bracket, which is generally not antisymmetric. This is the most 
general bilinear form on TM © T*M to satisfy the Jacobi identity. The antisymmetrization 
of the Dorfman bracket is called the Courant bracket. The Courant bracket is antisymmetric 
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but do not satisfy the Jacobi identity. The symmetric form is (X + ^ , F + 77) = ixf] + ivC 
and the anchor map p is an usual differentiation with respect to a vector field. 

A corresponding QP manifold is = T*[2]T*[1]M. Local Darboux coordinates [x^, q^,Pi, 
of degree (0, 1, 1, 2) are taken, where is one of the fiber of T[1]M, pi is one of the fiber of 
T*[1]M and is one of the fiber of T*[2]M. TM®T*M is naturally embedded to T*[2]T*[1]M 
as {x\dx\ -£j,0) I—)- {x\q\pi,^i) with degree shifting. The Courant algebroid structure on 
TM®T*M is constructed from the equations fl4.35p . The Courant-Dorfman bracket is derived 
by the derived bracket {{— , O}, — } such that fij = and f2ijk = 0. 

A closed 3-form H{x) is introduced as an extra datum. The Courant-Dorfman bracket 
is modified by H{x) to preserve the Courant algebroid structure as {X + ^) o (Y + r]) = 
[X + C,,Y + rfiDH = [-^? ^] + Lxf] — iydC, + ixiyH, called the twisted Dorfman bracket. 
Then a P-structure is the same and is modified as = ^iq^ + ^Hijk{x)q''q^q^ , where 
H{x) = j^Hijk{x)dx^dx^ dx^ . 



There is an another equivalent definition of the Courant algebroid [79], which is more 
closed to construction from a QP manifold. 

Definition 4.8 Let E he a vector bundle over M equipped with a pseudo-Euclidean metric 
(— , — ), a bundle map p : E — > TM and a binary bracket [— , —]u on T{E). The bundle is 
called the Courant algebroid if the three conditions are satisfied, 

[ei, [62,63] = [[ei,e2]D,e3]D + [e2,[ei, es\D]D, (4.36) 

P(6l)(62,63) = ([6i,62]d,63) + (62, [61,63]!)), (4.37) 
P(6l)(62,63) = (61, [62,63]!) + [63, 62]^), (4.38) 

where 61, 62, 63 G TE. 

We can prove that two definitions 14.61 and 14.81 are equivalent if operations are identified as 

61 o 62 = [61, 62]d, (61 , 62) = (61, 62) and the same p's. 

The Dirac structure is a substructure of the Courant algebroid. 

Definition 4.9 The Dirac structure C is a maximally isotropic subbundle of the Courant 
algebroid E, whose sections are closed under the Courant-Dorfman bracket. 

(61 , 62) = {isotropic) , 
[6i,62]c e r(£) {close), 
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for 61,62 G r(£), where [ei,e2]c = [61,62]^ — [e2,ei]D is the Courant bracket. 

The sections T{/\*E) are regarded as functions on a QP manifold C°°{M.). From the equation 
fl4.35p . the sections of the Dirac structure r(£) are the set of functions commutative under 
the P-structure { — , — } and closed under the derived bracket {{— , 6}, — }. 

The complexification of the Dirac structure on (TM © T*M) ® C defines the generalized 
complex structure [53] |47] . 

4.2.3 n>3 

We define algebraic and geometric structures which appear in n > 3. 

Definition 4.10 A vector bundle {E,p, [—, — ]l) is called an algebroid if there is a bilinear 
operation '■ x TE — )■ TE, and a bundle map p : E ^ TM satisfying the conditions 

below: 

p[ei,e2]L = [p(ei),p(e2)], (4.39) 
[ei, F62]l = F[6i, 62]l + p(ei)(F)e2, (4.40) 

where F G C°°{M) and [p(ei), p(e2)] is the usual Lie bracket on r(TM). Note that [— , — ]l 
need not antisymmetric or not to satisfy the Jacobi identity, p is called an anchor map. 

Definition 4.11 An algebroid [E, p,[—, is called a Leibniz algebroid or a Loday 

algebroid if there is a bracket product [6i,62]l satisfying the Leibniz identity: 

[ei, [e2,e3]i]L = [[ei, e2]L, 63]^ + [62, [ei, 63]^]^, (4.41) 

where 61,62,63 G TE. 

Note that [— , — ]l is not assumed antisymmetric. The equation fl4.4ip is called the Leibniz 
identity instead of the Jacobi identity for an antisymmetric bracket. 

We can find that Lie algebroids and the Courant algebroids are Leibniz algebroids. The 
Lie bracket [— , — ] in the Lie algebroid and The Dorfman bracket [— , — ]d in the Courant 
algebroid are identified to the Leibniz bracket [— , — ]l- The equation (14.361) on the Dorfman 
bracket is equivalent to the equation fl4.4ip . 
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If a base manifold is a point M = {pt} and p = 0, a Leibniz algebroid reduces to a linear 
algebra, which is called a Leibniz (Loday) algebra [90]|89]. A Leibniz algebra is a Lie algebra 
if a Leibniz bracket [— , — ]l is antisymmetric. 

Correspondence of a Leibniz algebroid to a homological vector field on a graded manifold 
is discussed in [13]. The following theorem has appeared in [83] . 



Theorem 4.12 Let n > 1. Functions of degree n — 1 on a QP manifold can be identified as 
sections of a vector bundle E. The QP-structure induces a Leibniz algebroid structure on E. 

Let X be an element of degree and e*^""^-* be an element of degree n — 1. If we define 

[eue^h = -{{et'\&},et\ (4-42) 
p(e)F(x) = (-ir{{e("-i),e},F(a;)}, (4.43) 

[— , — ]l and p satisfy the definition of a Leibniz algebroid fl4.39p . (14.401) and (14.411) . 

Example 4.13 {n = 3.) Take n = 3. Let {A4,uj, 0) be a QP manifold of degree 3. Ai has 
a natural filtration of degree A4 — > M.2 — ^ M-i — ^ where M.i{i = 1,2) is a graded 
subspace of degree less than and equal to i. Local coordinates are {x\ q"- , Pa, ^i) of degree 
(0, 1, 2, 3). A P-structure u is an odd symplectic form of degree 3 and is locally written as 

uj = 6x' A + dq" A 6pa. (4.44) 

Since a Q-structure function is of degree 4, a general form is 

e = //a(x)6g" + lf2''\x)paPt + \fz\c{x)paq\' + \fAaU^)q''q\'q\ (4.45) 

where /j's are functions of x. A Q-structure condition {0,0} = imposes the following 
relations on these functions: 

fibf2'' = 0, (4.46) 
/I'c^ + /s'Vs'cd + /a'Vs^cd = 0, (4.47) 

/l^b ~ /l^a /V + flcfz'ab = 0, (4.48) 

ox^ ox" 



fl [d 1- f2°''^ fibcde — fs'^elbfs'^cd] — 0, (4.49) 

+ h'labUcdeU = 0, (4.50) 
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where [abed ■ ■ ■] is a antisymmetrization with respect to indices a,b,c,d, ■ ■ ■ , etc. These 
identities fl4.46p - fl4.50p define the Lie algebroid up to homotopy (the sphttable H-twisted Lie 
algebroid) on the vector bundle E [68J. This is a subalgebroid of the H-twisted Lie algebroid 



Example 4.14 (Higher Courant-Dorfman Bracket.) Let E he a. vector bundle on M 
and a graded manifold of degree n, Ai = T*[n]E[l]. Let n > 4. Let us take a local coordinate 
{x\ q"" , Pa, ^i) of degree (0,1, — l,n). A QP structure is defined on = T*[n]ii^[l]. A 
P-structure w is a graded form of degree n and is locally written as 

UJ = 6x' A + dq" A 6pa. (4.51) 

A general form of a Q-structure function is of degree n + 1 and 

e = fl\{x)C^q^ + lf2\c{x)Paq'q' + r^^J,a,-a^U^)q'''q''' ■ ■ ■ (4.52) 

where /j's are functions. A Q-structure condition {0, 0} = impose the following relations: 

ox'^ ox'' 

f^^^^ - h\[^f2\4 = 0, (4.54) 

r k ^/3a2---an+2] . e f f _ n. (A 

Jl [ai r J2 [aiaaJSag-an+a]/ — U. (^4.D0j 

A vector bundle E © A'"'^^E* is naturally embedded to T*[r?,]£'[l] by degree shifting. The QP 
structure induces an algebroid structure on E (B A^''^^E* by the derived bracket [— , —]cd = 
{{— ,0},— }, which is called the higher Courant-Dorfman bracket. This has the following 
form, 

[u + a,v + f3]cD = [u, v] + LuP — i^da + H{u, v), (4.56) 

where u,v E r(-E'), a, /3 G T{A^~^E*) and if is a closed {n + l)-form on E. We refer the 
reader to [Hj, [126] . [T2] for detailed studies of the bracket of this type. Graded manifold 
description has been analyzed in jl30j . 

Example 4.15 A large class of nontrivial nonassociative algebras(algebroids) are included 
in a QP manifold of degree n. We show one of examples. We define as 

= 00 + 03 + 04 + ■ ■ ■ + e„. 
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where 60 is 
and Gj is 

where {x"'^^\ q"'^^^\ ■ ■ ■ , q"'^^~^\ ^a{o)) has degree (0, 1, • • • ,n — l,n). In particular, 6„ is an 
(n + l)-form on T{/\^~^^ Ei). Then the master equation {0, 0} = is equivalent to 

{00, 0o} = 0, 

{00, 0i} = 0, i<n 

and 

{0o,0„} + ^{0i,0„-i} = 0, n = odd 

{00, 0n} + ^{0n/2,0n/2} + 5]^{0i,0n-i} = 0, U = eVeU. 

The first condition implies that ci := {0o, — } is a differential and the second one implies that 
0i is a closed i-form for each i < n. The third conditions say us that 0„ is closed (n + l)-form 
up to homotopy |120] . 

5 AKSZ Construction of Topological Field Theory 

Superfield formalisms of topological field theories in section 2 and 3 are reformulated to the 
AKSZ construction. If a QP-manifold on a target graded manifold Ai is given, a QP structure 
is induced on a mapping space from a world volume graded manifolds X to a target graded 
manifold M [3]p7][Tn4]. 

Let {X, D) be a differential graded (dg) manifold X with a D-invariant nondegenerate 
measure fi, where D is a differential on X. Let {M,u, Q) be a QP-manifold of degree n. u is 
a graded symplectic form of degree n and Q = {<d,—} is a differential on Ai. Map (A", Ai) is 
a space of smooth maps from X to Ai. A QP-structure on Map(A', A^) is constructed from 
the above data. 

Since Diff(A:') x Diff(A^) naturally acts on Map(A', A^), D and Q induce differentials on 
Map(A', M), D and Q. Explicitly, Z)(;z, /) = df{z)D{z) and Q{z, f) = Qf{z), ior z e X and 
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Two maps are introduced. An evaluation map ev : X x Ai'^ — > M. is defined as 

ev : {zj) I — > f{z), 

where z e X and F E M"^ . 

A chain map /i^, : Q'{X x M^) — )■ Vt*{M'^) is defined as 

/x*a;(?/)(fi, . . . ,ffc) = / ^{x)uj{x,y){vi,...,Vk) 
Jx 

where f is a vector field on X and is the integration on X. It is an usual integral for 
even degree part and the Berezin integral for odd degree part. 
A P-structure on Map(A', A^) is defined as follows: 

Definition 5.1 For a graded symplectic form u on M., a graded symplectic form uj on 
Map(A:', A^) is defined as uj := /i^ev*^. 

u) is nondegenerate and closed because /x^kCV* preserves nondegeneracy and closedness. lj is a 
graded symplectic form on Map(A', A^) and induces a graded Poisson bracket {— , — }, which 
is a BV antibracket, on Map(A:', A^). 

Next a Q-structure S on Map(A:', Al) is constructed. 5* corresponds to a i?F action and 
consists of two parts 5* = 5*0 + 5*1. We take a fundamental form d for a P-structure on Al 
such that u = —di!) and define Sq ■= Lj^^^eY*^}, which is equal to 5^°^ in section 2 |? 5i is 
constructed as follows: We take a Q-structure 6 on Al and define 5*i := /i^,ev*9. 

We can prove that 5* is a Q-structure on Map(A', Al): 

{0,0} = ^ {5,5} = 0. (5.57) 

from definitions of 5*o and 5*i. The right hand side in this equation is the classical master 
equation in the BV formalism. A homological vector field Q is defined asQ = {5*, — }. |Q| = 1 
from degree of {— , — } and 5*. Q is a coboundary operator = from the classical master 
equation. A cohomology defined by Q is called a BRST cohomology. Since {So, Sq} = 0, Sq 
is considered a 'differential'. 5i is considered as a 'connection'. The classical master equation 
{5*, 5*} = 2(5o5*i + {5*1, 5i} = is a flatness condition, the Maurer-Cartan equation. 
The following theorem has been proved [3j: 

^In the rest of the paper, 5*0 is used for S^^\ 
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Theorem 5.2 If X is a dg manifold with a compatible measure and M. is a QP-manifold, 
the graded manifold Map(A', A^) has a QP structure. 

A QP structure on Ma.p{X,Ai) is a topological field theory in our context. 

Let X be a smooth manifold in + 1 dimensions. A graded manifold X = T[1]X has a 
Berezin measure fi of degree —n — 1 induced from a measure on X. We find that topological 
field theories in previous sections are constructed by the AKSZ construction on T[1]X. If 
X = T[1]X, it is proved that a QP-structure on Map(A', Ai) is equivalent to the BV formalism 
of a topological field theory [27] [59]. We can prove that this theory is gauge invariant and 
unitary in physical discussion, thus it defines a consistent quantum field theory. 

Definition 5.3 An AKSZ topological field theory in n+1 dimensions is a triple (X , Ai, S ), 
where X is a dg manifold T[1]X . M. is a QP-manifold of degree n. 

Map(A', A^) is a QP manifold of degree —1, therefore an odd symplectic manifold, because of 
a measure of degree —n — 1 on X and a QP structure on M. of degree n. A graded Poisson 
bracket {— , — } is of degree 1 and S is of degree zero. 

The AKSZ formalism can be generalized to realize the BFV formalism if X is in n di- 
mensions and X has a measure of degree —n [31]. Then the AKSZ construction defines a QP 
structure of degree on Map(A', A^). Its P-structure is an usual Poisson bracket and 6 is a 
BRST charge. 

In order to quantize the theory in the BV formalism, the classical master equation (15.571) 
must be modified to the quantum master equation. An odd Laplace operator A on 
Map(A:', A^) can be constructed if Map(A:', Al) has a measure p [H] [72] [73] . It is defined as 

AF = ^^l—diMpXp, (5.58) 

where F G C°°(Map(A:', Al)) and Xp is a Hamiltonian vector field of F. Here the divergence 
div is defined as p X{F) = Jj^ P diVpX^;' for F G C'^{Map{X , M)). If an odd Laplace 
operator is given, an odd Poisson bracket is constructed by the derived bracket: 

{F,G}:=-(-l)l^l[[A,F],G](l). 

The classical master equation is modified to 

Aiei^") = 0, 



31 



where Sq is a quantum BV action. This equation is equivalent to the quantum master equa- 
tion: 



2lhASg + {Sg, Sq} = 0. 



(5.59) 



The above definition of an odd Laplace operator A is formal because Map (A*, Ai) is infinite 
dimensions. A naive measure p has a divergence and needs a regularization. Moreover even 
if a graded manifold is in finite dimensions, the solutions of the quantum master equation 
have obstructions depending on topological property of a manifold. The readers should refer 
to \n\ [15] [21] for analysis of obstructions of quantum master equation related to the odd 
Laplace operator in AKSZ theories. 

6 Deformation Theory 

In this section, we apply deformation theory in the AKSZ formalism of TFTs and determine 
a general consistent local BV action S. This method is also called homological perturbation 
theory. 

First we consider S = Sq. In fact, Sq = S^'^^ is determined from only the P-structure and 
trivially satisfies the classical master equation {^o, Sq} = 0. Next we deform 5*0 to 



in order to obtain the consistent 5*1 term, where g is a deformation parameter. 5* is required 
to satisfy the classical master equation {S, 5} = in order to be a Q-structure. 

A deformation S' is equivalent to S if there exist a local redefinition of superfields e"'^*-' i— >■ 



g/a(i) ^ F{e^^^) satisfying 5'(e'"(^)) = S{e<'^), where F is a function on Map{X,M). If we 
expand e"*(^) = ^"F('")(e"W), 5(e"W) = 5'(e"^«) = ^™F("^)(e'^«)) = 5'(e"«) + 

g ^"^^gtj) F^^^ (e^^-^^) + ■ ■ ■ , which derives the BRST exact term: 



at the first order of g. It is proved that higher order terms are absorbed to the higher 
deformation terms up to exact terms in this case. Therefore it is defined that S is equivalent 
to 5*0 if a deformation is exact S = So + We calculate a Q cohomology class S. 



oo 




(6.60) 



ra=0 




(6.61) 
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If we substitute fl6.60p to {S, S*} = and expand the equation hj g, a series of the equations 
are obtained as 



{^(°),5«} = 0, 

2{5(°),5(2)} + {5(i),5«} = 0, 



(6.62) 



The first equation is satisfied from the definition. The second equation is QqS^^^ = 0. There- 



The third equation 2{^(o)^^{2)| _^ {5(1)^5(1)} = Q is an obstruction. S^^^ is S^^) = 
/i,ev*e(2), where G^^) e Since {Sq, e"^''^} = de'^W for all superfields e'^(^), {S^^\ S^^^ = 

Qq5(2) = QQ^,ev*e(2) = if J^fid{*) = satisfies. Therefore if we assume there is no bound- 
ary contribution on X, each term is zero: {S''-'^\ S''-^^} = 0, {S''-"'^^ S'^^^ = 0. 

From {^(0), ^(2)} = q, we can absorb ^(2) to ^(1) by redefining as S^^^ = S^^) + gS^"^^ and 
{^^^^ 5*^^^} = 0. Repeating this process, we obtain S = So + Si, where Si = J2'^=i g^S^"^ and 
5*1 is an element of the cohomology class of Qq, {S^^\ Si} = 0, and {^i, Si} = 0. 

Lemma 6.1 Denote Si = j-^jiCi. If Ci contains d, Ci is QQ-exact. 

Proof It is sufficient to prove the lemma under the assumption that Ci is a monomial. 
Assume that Ci contains at least one derivative, Ci{e) = F{e)dG{e), where F{e) and G{e) 
are functions of superfields. F and G are expanded to component superfields by the number 
of the odd super coordinates 9 as F{e) = Xir=o^ ^(^) = J2^=o where Fi and Gi 

are terms of i-th powers of 6. From QqF = dF and QqG = dG, we obtain the following 
identities: 



fore S^^^ is a cocycle of Q, 



QoFo = 0, 
QqFi = dFi 



for 1 < i < n + 1, 



dF, 



n+1 — 



0, 



QoGo = 0, 
QoGi = dGi 



for 1 < i < ?7, + 1, 



dG^ 



(6.63) 
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For Si = fiCi{e) = ^"^^ /ii^„_j<iGj, adjusting two terms are combined to the Qg-exact 
term up to a d-exact terms from the equation fl6.63p as 

= (-l)"-Qo(^n-^G',+i) - (-l)"-^d(F„_,_iG',+i) (6.64) 

for even i. 

If n is odd, Si = J2^=o fx Fn-i-idGi has even numbers of terms, therefore if each of two 
terms is combined as fl6.64p . it is proved that the integration 5*1 is Qg-exact. If n is even, 
the last term FodGn remains. This term is Qg-exact itself because F^dGn = QoiFoGn+i)- 
Therefore Si is also Qo'^xact. 

From this Lemma 16. 5*1 does not include d up to exact terms. The following theorem has 
been proved: 

Theorem 6.2 Assume there is no boundary term, that is, j^^ d{*) = 0. // and only if 
{S, S} = 0, S^^^ is a Qo-cohomology class such that {S^^\ 5*^^^} = 0, and 5*^"^ = for n > 2. 
If Si = gS^^^ is the integration of a local Lagrangian Ci{e), that is Si = j-^jj, Ci{e), then 
C{e) is a function of degree n + 1 of superfields e which does not contain the superderivative 
d. 

There is an other AKSZ TFT which action is not included in this theorem. If our assumptions 
in the theorem (16. 2 p are relaxed, we have more general AKSZ TFTs such as the WZ-Poisson 
sigma model with a WZ term and topological sigma models with a degenerate P-structure 
like the Dirac sigma model. 

7 Local Coordinate Expression 

In this section, we give local coordinate expressions for Si constructed in the previous section. 

Let us take a manifold X in n + 1 dimensions and a manifold M in d dimensions. Take a 
graded manifolds X = T[1]X, and a QP manifold Ai such that its degree zero part is a smooth 
manifold Aio = M. Let A^(*) be a degree i part of Ai. Let (a^, 0^) be a local coordinate on 
T[1]X. 0"^ is a local coordinate of degree on the base manifold X and 6'^ is one of degree 
1 on the fiber of T[1]X, respectively. Let x""^^^ be a smooth map a;"(o) : X — > M and ^^^g^ 
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be a section of T*[1]X ® £c*(7W(")). a;"(°) is also denoted by e"(°) = a;''^^) = and |„(o) is 
by ea(n) — ^a(o) — Pa{o) ■ Superfields e"^') for 1 < i < n — 1 has of degree i and is a basis of a 
section of T*[1\X iSix*{M.^'^^). Darboux coordinate superfields with respect to the P-structure 
are q"*^') for < i < [n/2\ and Pa{n-i) L^^/^J < i < n, where [mj is the floor function 
which gives the largest integer less than or equal to m. Then the P-structure is 

L"/2J 



J] / d"+Vd-+^e5q««A5p„(,). (7.65) 



If n =even, Pa{n/2) is identifled to kabQ^'^'^^'^^ and the degree n/2 part is 

where /Cab is a flber metric on the degree | part. This deflnes the graded Poisson bracket such 
that 

and if n =even and i = j = n/2, 

{q'^i^m^a, e),q^^'''^\a', d')] = k'^^^/mnm ^n+i^^ _ ^'^s^'+^O - 9'). 

A differential D on a dg manifold X is induced from the exterior derivative d on X. This 
derives a super differential d = Qi"^ on Map(A', M). 

Let us consider a Q-structures 5". 5*0 is determined from a P-structure. If n =odd, it is 



l<i<(n-l)/2 
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and if n =even, 



L 



0<j<{n-2)/2 



■^■^ l<i<(n-2)/2 
+ 2 Ka{n/2)h{n/2)q ' ' aq '). 

If we define Pa(n/2) = ^a(n/2)6(n/2)9"^"^^'', >S'o's for odd and even n are unified to 
So = I II Je,(,)a;»«^(^-)de6(,) 

\0<i<K2j / 

If components of nonzero ghost number are set to zero in superfields, we obtain a kinetic term 
of a BF theory for general /c-forms: 

— ^ 1 ( _-,\n+l-i n(0)-fM(n) (n-i) o ,.^„»>«W 

A superfield of degree i, ^{a,9), is expanded by 9'^ as 

k,ix{k) k,iJ,{k) 

where (c) depends only on cr'^. Since 9^ has degree one, (c) has degree 



by their ghost numbers. If ^|f(l)...^(fc)(c) has degree 0, it is a physical field, which is a k-ih 
order antisymmetric tensor field. If has positive degree, it is a ghost field or its 

ghost for ghost which come from gauge parameters of gauge symmetries. If has 
negative degree, it is the Hodge dual of an antifield introduced in the BV formalism. 

Let us consider expansions q"W(cr, 9) = Y.k,ii{k) h^^'^^^ ' ' ' ^^'^^^ 'i^!^{iyl{k)^^) andp„(j)((T, 9) = 
■ ■ ■ The antifield for the ghost (a) for ^ - A: > is 

p'St)MihMn+i-k) (^) ' and the antifield for the ghost P^^^.%^k) (^) /c-i > is q^a{^l~^^yMn+i-k) ( 
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A superfield of degree i = n/2 is a self conjugate superfield 

qaH2)icr,9) = i^9'^'^ ■ ■ ^ ^^^ifield gi^l';f;f,5 (a) 

for k < n/2 is q'^"^^.^'^(|^^^"Z^)(o"), which is contained in the same superfield. 

The interaction term Si has been determined in the theorem 16.21 in section 4. The local 
coordinate expressions of 5*1 are following. An integrand is arbitrary functions of superfields 
of degree n + 1: 

A,a(A),|A|=n+l 

where /A,a(Ai)---a(A,„)(^c)'s are local structure functions of x. The consistency condition {5*1, Si} = 
imposes on the algebraic identities on /A,a(Ai) - a(A„)(a^)'s. Since Si = f.^fi ev*6, this is equiv- 
alent to {0, 0} = and this determines the mathematical structure on the target space. Then 
the consistent local expressions for the AKSZ TFTs in n + 1 dimensions are obtained. 

Let p = pydJ^^^qdJ^^^p be a volume form on Map(A', A^). An odd Laplace operator, 

AF = ^-^divpX^, (7.67) 



is written by 



^ = E(-l)'g^a^ + 5{'np.,-}, (7.68) 



j=0 



If we take coordinates with = 1, a simple expression is obtained: 

A = y (-l)^^-^77^. (7.69) 

8 Examples 

Some important examples are explained. 

Example 8.1 (The Poisson Sigma Model.) We take n = 1. Example 14.31 has showed 
that a QP-structure of degree 1 on = T*[1]M is equivalent to a Poisson structure on M. 
Let X be a manifold in two dimensions and X = T[1]X. The AKSZ construction defines a 
TFT on Map(T[l]X,T*[l]M). 
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Let be a map from T[l]X to M and 1^ be a section of T*[l]X ® x*{T*[l\M). Here we 
denote a(0) = z, 6(0) =],■■■, etc. A P-structure on Map(T[l]X, T*[1]M) is 



The BV action (Q-structure) is 

S = 



This action is the superfield BV formahsm of the Poisson sigma model. A Q-structure condi- 
tion is equivalent to the equation f l4.29p on f^^{x). This model is equivalent to A model if a 
Poisson structure is nondegenerate. 

Take M = g*, where g is a semi-simple Lie algebra. Then Ai = T*[l]g* and a Q-structure 
reduces to 6 = jp-' kX^'^i^j, where is a structure constant of the Lie algebra. The AKSZ 
construction derives the BV action 



S 



X 



which is a BV formalism of nonabelian BF theory in two dimensions. 

Example 8.2 (B Model.) Let X be a Riemann surface and M be a complex manifold. Let 
us consider a graded manifold X = T[1]X and a QP manifold Ai = T*[1]T[1]M in Example 
14.41 The QP manifold realizes the complex structure. The AKSZ construction in n = 1 
induces a TFT on Map(T[l]X, T*[l]r[l]M). 

Let a; be a; : T[1]X — ^ M, | be a section of T*[1]X ® x*{T*[l]M), q he a section of 
T*[1]X x*{T[l]M) and p be a section of T*[1]X ® x*{T*[0]M). A superfield expression of 
a P-structure is 



X 



A Q-structure BV action is 



S 



B 



X 



dx^ 



d^ad^e 



X 



P 







-hPAx) 



1 Ti 
2 

dJ _ 
dX^ 



[x)p.. 



Proper gauge fixing of this action describes so called B model action in a topological string 

mm- 
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Example 8.3 (The Courant Sigma Model.) We consider n = 2 case. Tlien is a QP- 
manifold of degree 2 and has the Courant algebroid structure discussed in Example 14.51 We 
take a three dimensional manifold X and consider X = T[1]X as a world volume of the 
AKSZ construction. Let a;' be a map from T[1]X to M = A^(°) and be a section of 
T*[1]X (g) x*{M^'^^). Let q" be a section of T*[1]X O x*{M^'^'^) and kab be a fiber metric on 
Ai^^\ Here we denote a(0) = i, 6(0) = j, ■ ■ ■ and a(l) = a, 6(1) = 6, • • ■ . A P-structure on 
Map(A', A^) is 

uj = [ d^ad^e {6x' AS^i + -kabSq'' ASq''). 
Jx 2 

Then the Q-structure BV action has following form: 

S = j^d^ad'e (^-^^dx^ + h,,q-dq' + h\{x)i,q'^ + y^,bc{x)q''q'q^^ (8.70) 

This model has the Courant algebroid structure from the theorem 14.71 This is known as the 
Courant sigma model [60] [61] [55] |104j . 

We can rewrite the equation f l8.70p to the non-BV formalism if components of nonzero 
ghost number are set to zero, like a;* = x'^^^^ = x\ = ^f^ = \0^9''^^^}^ and g° = q'^'^'^'^ = 
O'^qjx^"'. Substituting them to (18.701) . we obtain 

S = j^(^-^^Adx' + habq''Adq' + fUx)^,Aq'' + ^f2abc{x)q^Aq'A 

where d is an usual differential on X, and = ^da^" A da^^^^^j.^ and = daf^q^^^"". 

Example 8.4 (Chern-Simons Theory.) If we take = 0, flaix) = and f2abc{x) = 
f2abc =constant in the Courant sigma model (I8.7ip . the action reduces to the Chern-Simons 
theory: 

S = j^(^h,bq''Adq' + ^f2abcq''Aq'Aq''^, (8.72) 

Therefore the Chern-Simons theory has the AKSZ construction. 

The AKSZ construction in three dimensions for a Lie algebra target space derives the 
Chern-Simons theory. We consider n = 2 case again. Let g be a Lie algebra and kab be a 
metric on g. If q is semi-simple, we can take the Killing metric as kab- A QP manifold of 
degree 2 is defined on = g[l], where M = {pt}. A P-structure is defined as 

OJ = ^kabSq^A6q^, 
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Here we denote a(l) = a, 6(1) = b, - ■ ■ and kab is a metric on a Lie algebra. A Q-structure is 

where fabc is a structure constant of q. 

Let X be a three dimensional manifold and X = T[1]X. Let qr" be a section of T*[1]X ® 
a3*(g[l]). The AKSZ construction on Map(T[l]X, derives a P-structure: 

u; = [ £a£9 IkabSq" A 5q\ 
Jx 2 

and a Q-structure 

Then the action satisfies {S*, S*} = 0. This is the BV formalism of the action f l8.72p for the 
Chern-Simons theory in three dimensions [3] which has been known, for example, in |5]. 

Example 8.5 (AKSZ Sigma Model in 4 Dimensions.) We take n = 3. Let X be a four 
dimensional manifold and be a QP-manifold of degree 3 in Example f l4.13p . Let a;* be 
a map from T[l]X to M = M{o) and be a section of T*[1]X (g) x*{M^^^). Let q" be a 
section of T*[1]X ® x*{M^^^) and be a section of T*[1]X (g) £c*(A^(^)). Here we denote 
a(0) = 2, 6(0) = j, ■ ■ ■ and a(l) = a, 6(1) = 6, ■ ■ ■ . A P-structure is 



a; 



Jx 



The Q-structure is 



5* — »S'o + Si, 

50 = [ d'ad'ei^^dx^-p^dq'^), 

Jx 

51 = [ d'ad'e [h\{x)i,q' + \h^\x)p,p, 

+ ^/3%c(^)p„qV + ^/4a6cd(a^)q'^g'gV). 

This topological sigma model has the structure of a Lie algebroid up to homotopy (a H-twisted 
Lie algebroid) appeared in Example 14.131 168] |I6] . 
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Example 8.6 (Topological Yang-Mills Theory.) We take n = 3. Let us consider a semi- 
simple Lie algebra g and a graded vector bundle M = T*[3]g[l] ~ q*[2] © g[l] on a point 
{pt}. Let X be a manifold in 4 dimensions and take X = T[1\X. Then q"^ is a section of 
T*[1]X (g) x*{q[1]). is a section of T*[1]X ® x*{q*[2]), where a(l) = a, 6(1) = 6, ■ ■ ■ . A 
P-structure is 



Jx 



The dual space g* has a metric, (■, ■)k-^i which is the inverse of the Killing form on g. Then 
we can define a Q-structure, 

e = rW + ^AcPagV, (8.73) 

where q"" is a coordinate on g[l] and Pa is one on g*[2]. k'^^PaPb '■= {Pa,Pb)K-^, and fbc is the 
structure constant of the Lie algebra g. The AKSZ construction derives a topological field 
theory: 



S = [ d'ad'e i-PaF'^ + k'^'p^p,). 
Jx 



where i^" = dq" — \f°'bcq^ff- This derives a topological Yang-Mills theory, if we delete p^ 
by using the equations of motion and make proper gauge fixings of the remaining superfields 
[63]. 



Example 8.7 (Nonabelian BF Theories in n + 1 Dimensions.) Let n >2 and g be a 

Lie algebra. X is a manifold in + 1 dimensions and X = T[1]X. We consider Ai = 
r*[n]g[l] ~ g[l]©g*[n-l], where M = {pt}. Let be a section of r*[l]X©a:;*(g[l]]) and p„ 
be a section of T*[1]X ^x*{Q*[n - 1]]). Here we denote a(l) = a, 6(1) = 6, ■ ■ ■ . A P-structure 
is defined by 



Jx 



A curvature is defined as F"" = dq"^ + {—lYhf^bcQ^^ff- A BV action is constructed as 



2- 



S = / ci"+Vci"+^^ ((-1)>„F") 
Jx 

= ^rf"+Vrf"+i0 ((-l)>atig'^ + ^AcP.qV). 

{S*, S*} = is easily confirmed. This action is equivalent to the BV formalism for a nonabelian 
BF theory in + 1 dimensions 
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Example 8.8 We consider the QP-structure in Example 14.151 We obtain a TFT with a 
nontrivial nonassociative algebroid structure. is a QP manifold of degree n and X is a 
n + 1 dimensional manifold and X = T[1]X, From the Q-structure G in Example 14.151 a BV 
action S = So + Si on Map(A:', A^) is constructed by the AKSZ construction. 5*0 has a general 
form, fl7.66p for n =odd and (I7.67P for n =even in a local coordinate. 5*1 has the following 
expression: 

Si = f /iev*e= / /iev*(eo + e3 + e4 + --- + e„), 

Jx J X 

where 

Jx Jx 

and 

in particular, for an (n + l)-form 0„, 

Then the master equation {S', S} = defines the structure of a closed {n + l)-form 0„ up to 
homotopy on Map(A:', A^). 

9 AKSZ Theory with Boundary 

Until the previous section, we have considered AKSZ sigma models on a closed base manifold 
X In this section, AKSZ models on a base manifold X with boundaries are considered. They 
have important applications. In n = 1 case, this corresponds to a topological open string and 
derives a deformation quantization formulae |25] . n = 1 case is discussed later related to the 
quantization. If n > 2, the theory describes a topological open membrane [96] |55] . 

9.1 n = 2: WZ-Poisson Sigma Model 

We explain construction of the AKSZ theory with boundaries by a simplest nontrivial example 
in n = 2. Nontrivial boundary structures are described by QP structures. 
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Example 9.1 (The WZ-Poisson Sigma Model.) We take n = 2 and consider = 
T*[2]T[1]M. T*[2]T[1]M lias a natural QP manifold structure. Let be a coordinate on 
M of degree 0, be a coordinate on the fiber of T[1]M of degree 1, Pi be a coordinate on the 
fiber of T*[1]M of degree 1, and C,i be a coordinate on the fiber of T*[2]M of degree 2. Then 
a P-structure is defined as 

u = 6x' A + 6q' A 6pi. 
We consider a 3-form H on M. Then a Q-structure is defined as 

{6, 6} = since dH = 0. 

Let us consider a manifold X with a boundary in 3 dimensions whose boundary a two 
dimensional manifold dX. The AKSZ construction defines a topological sigma model on 
Map(T[l]X, T*[2]T[1]M). This model is a special case of the Courant sigma model on an 
open manifold. A P-structure is 

cj = [ £ad^e {5x' A5i^ + 6piA6q'). 
Jx 

The Q-structure BV action has the following form: 

The boundary conditions must be consistent with the variation principle in order to obtain 
the equations of motion, The variation 6S is 

6S= [ d^ad^e {-S^.dx' - i45x' + 5q'dp^ + q'ddp^ + ■■■). 
Jx 

Integrations by parts of the terms —$,^d5x^ + q^dSp^ are needed to derive the equations of 
motion. The boundary terms must vanish: 

SS\ax = [ d^(yd^0 {-i^5x' - q'5p^) = 0. (9.74) 

JdX 

Boundary condition must be consistent with the equation f l9.74p . Locally two kind of bound- 
ary conditions are possible. ^//^ = or 6x^^^ = 0, and = or = 0, where //is the 
parallel component to the boundary \} 
'Their hybrid boundary conditions are also possible. 
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We consider boundary conditions = and = as an example. We take a local 
coordinate such that = 6^ = on the boundary. The the boundary conditions are written 
by the components of superfields as follows: ^f'^ = ^l]^ = = = and q^^^^ = qj^^^ = 

= g(f = on dX. 

Another consistency condition is that boundary conditions must not break the classical 
master equation {S, S} = 0. Direct computation gives 

{S, S} = j^^ d'ad'e (^-^,dx^ + q'dp^ + i^q^ + ^H,^,{x)q^q^ q^^ , (9.75) 

From the boundary conditions ^//j = and qr*y = 0, the kinetic terms of the right hand side 
in the equation fl9.75p vanish on the boundary: 

f d^a(fed= [ d^ad^e {-^idx' + q'dpi) = 0. (9.76) 

JdX JdX 

Therefore it is required that the interaction terms in the equation (19.751) must vanish: 

[ dPad^e Q = [ d^ad^e (i,q' + ^H,jk{x)q'q' q^\ = 0. (9.77) 
JdX JdX V <j' / 

This equation is satisfied because the boundary conditions are ^//j = and q^n = 0. 

This consistency of the boundary conditions is described in terms of a target QP manifolds 

Ai. The equation (I9.76P is satisfied if = g* = on A^. From the equation (I9.74p . this is 

satisfied if the image of boundaries is on a Lagrangian subspace of the P-structure co. The 

equation (I9.77P is satisfied if Q\dx = 0, that is, the Q-structure vanishes 9 = on the 

Lagrangian subspace. 

We can modify the action by introducing a boundary term, for example, — Jg^ d'^ad'^6 ck = 



S = J^d'ad'e (^-^,dx' + q'dp, + ^,q' + ^H,,,{x)q'q^q'^ 

d'ad'e \p{x)p,p^. (9.78) 
ax ^ 

The boundary term changes boundary conditions. The boundary terms of variation are 
bSW = d'ad'e (-1, - ^^I^p^p,^ 6x^ + i-q' - P{x)p^) Sp, 



'' (j9.78p is an example of the boundary term, we can consider more general boundary terms such as 
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i^q^ + -H,,k{x)q^q'q'' I// = 0. (9.80) 



From the condition vanishing these terms, the consistent boundary conditions are 

^^\// = -l^(^)PJPk\//, Q% = -fHx)P,\//- (9.79) 

{S", S*} = on the boundary similarly requires the another consistency conditions. The 
integrand of 5*1 is zero on the boundary: 

1 

3!' 

f l9.79p and fl9.80p are expressed by the condition on Ai. 

i^q' + ^,H,,k{x)q'q'q^ = 0, (9.81) 
on the Lagrangian subspace Ca of a target QP manifold defined by 

6 = -^^(x)p,P., q' = -P{x)Pr (9.82) 
Substituting f l9.82p to f l9.8ip . we obtain the geometric structures on the boundary dX: 

i,q' + ^^H,,k{x)q'q^q'' 

1 (9 f^^ 1 
= 7^-jj{x)f\x)p,pkVi - ^H,,,{x)r\x)P^{x)f'^{x)piPmPn = 0. (9.83) 

If we define vr = \r\x)di A dj on a space of bivector fields A^TM, the equation f l9.83p is 
equivalent to [vr,7r]s = A^n'^H. Here [— , —]s is a Schouten-Nijenhuis bracket on the space of 
multivector fields A'TM, which is an odd Lie bracket on the exterior algebra on the vector 
fields such that di A dj = —dj A di. vr* : T*M — )■ TM is a operation locally defined by 
\f"^^{x)di A dj{dx^) = f^^{x)dj. This is called the twisted Poisson structure [115] . 
The ghost number zero part of the BV action (19.781) becomes 

S\o = j (-#Arfx^ + g«^Adp«+ef^Ag«^ + iif.,.(x)g«^Ag^^^^^ 

ir(a;)pf)ApW, (9.84) 
dx ^ 

after the integration with respect to 0, where x = x^^\ Integrating out we obtain an 
equivalent topological field theory in two dimensions with a Wess-Zumino term: 

^lo = ^ (^-P^^^ Adx'-^P{x)p^^ Apf^+ j ^H,jk{x)dx' Adx^ Adx'. 

This model is the WZ-Poisson sigma model [75]. If we analyze the constraint algebra of this 
action, it is the first class if a target space manifold has the twisted Poisson structure. 
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9.2 General Structure of AKSZ Theory with Boundary 

We discuss general boundary structures of AKSZ theories in n + 1 dimensions. Assume that 
X is a manifold in n + 1 dimensions with boundaries, dX ^ 0. Let be a QP manifold of 
degree n. Then the AKSZ construction defines a topological sigma model on Map(T[l]X, Ai). 
Then boundary conditions for dX must be consistent with a QP structure. 

Let d and 9 be super Lagrangians such that Sq = j^^^l^ ^ and 5*1 = j^jj, 9. Since 
{S*, S} = jjLQx ("i? + 9), in order to satisfy the master equation, -(9 + 9 = is imposed on 
the boundaries, where ^qx = d^odJ^O is a boundary measure induced to dX. Therefore 

Theorem 9.2 Assume dX ^ 0. {5,5'} = requires + 9)|_v = on A^, where Af = 
ImdX CM ISf. 

The kinetic term in the AKSZ theories is 5*0 = d'^+^ad^'+^O Eo<i<K2j i-'^T^^~'Pa{i)dq''^^ ■ 
In order to derive the equations of motion, we take variations of the aciton. Then the boundary 
term, 5S = j^^d^ad^O X]o<i<Ln/2j (~-'-)"^"'^~*Pa(«)'^9"^*^ = is required for consistency. This 
impose the boundary conditions Pa[i) = or 5qr"(*) = on Im dX. This is satisfied on a 
Lagrangian subspace C d M. which is the zero locus of ?9 = 0. 

Let £ be a Lagrangian subspace with respect to the Q-structure on A^, and let Af = C 
Then Theorem 19.21 reduces the simpler condition: 

Corollary 9.3 Let C is a Lagrangian subspace of M, i.e., i^lc = 0. Then {S,S} = is 
satisfied if Q\c = 0. 

9.3 Canonical Transformation 

Next we introduce nontrivial boundary terms. Let us consider an adjoint operation e*^" on a 
general QP manifold Al, e''"9 = 9 + {9, a} + |{{9, a}, a} H , where a G C°°{M). 

Definition 9.4 Let {Ai,co, 9) be a QP manifold of degree n. Let a G C°°(A1) be a function 
of degree n. e^" is called a canonical transformation if Q' = e^°'Q satisfies {9', 9'} = 0. 

In the corresponding AKSZ sigma model, by a canonical transformation, the Q-structure is 
changed to 

S = Sq -\- Si 

= i£,/i,ev*^9 + /i,ev*e^'^9. (9.85) 
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If dX = 0, the consistency condition of the theory does not change by a canonical transfor- 
mation. However if dX 7^ 0, a changes boundary conditions and the consistency condition 
changes. From Corollary 19.21 we obtain the following Proposition, 

Proposition 9.5 Assume dX ^ 0. Let (A^,u;,0) he a QP manifold of degree n. Let C he 
a Lagrangian suhspace of Ai. Then the consistency condition {S, S} = of the AKSZ sigma 
model 119. 85]) satisfied if e^'^<d\c = 0. Here a G C°°{Ai) of degree n is such that e^" defines a 
canonical transformation. 

a with the property in the proposition 19.51 is called a canonical function. A canonical function 
is called a Poisson function in case of n = 2 [119] [80] . 

9.4 From Canonical Functions to Boundary Terms 

In the equation f l9.85p . change of the Q-structure by the canonical transformation is converted 
to change of the P-structure as 



where d = 0^-^ is the superderivative. The geometric structure is the same with the original 
S. This expression is used in a topological open membrane theory [55] . 
Interesting a satisfies {a, a} = 0. Then a is a boundary term: 



A canonical function introduces a boundary source generated by a, Jq^^. fJ'dx ev*a, which has 
a nonzero boundary 'charge'. Physically, this is called a topological open membrane. 

As a special case of this construction, the Nambu-Poisson structures are realized by the 
AKSZ sigma models on a manifold with boundaries [TS] . 

In this section, we have discussed fixed boundary conditions. We can take free bound- 
ary condition on boundaries. These are called the AKSZ-BFV theories on a manifold with 
boundaries, which are formulated in [30] [31] . 



S' 




(9.86) 



S' 
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10 Topological String from AKSZ Sigma Model 



In this section, we discuss derivations of A-model and B-model [129] from an AKSZ TFT in 
two dimensions, the Poisson sigma model. A-model and B-model are derived by the gauge 
fixing of the AKSZ sigma model [3]. 

10.1 A Model 

Let X = S be a compact Riemann surface. Let us consider the AKSZ formalism of the 
Poisson sigma model in Example 18.11 We consider the same graded manifold and P-structure 
in Example 18. H but the 5*0 = version of the Q-structure BV action is considered: 

Si = f £a£9 P{x)ii$,y (10.87) 

JT[1]S 

The classical master equation {Si, Si} = is also the consistency condition in this case. This 
imposes the same identity f l4.29p on f^^{x). The superfields are expanded by 6: 

We take a complex coordinate {z, ^) on S. and a complex coordinate on a target space M, 
i = (a, d). Let M be a Kahler manifold. J is a complex structure and Qij is a Kahler metric. 
Then f^^ is the inverse of a Kahler structure, f"^^ = —J\g'^^. We define the holomorphic 
part and the antiholomorphic part of the fields Ap = -Ap + iA'l\ Ap = A^^ + iAf"- and 
A^i = -Aoi - iAii, A^i = -Aoi + iAu and (p^zf = '^i4>i- Then 

A^} = 2i5l5iz - z'), {A,,, Ap} = 2ib{b[z - z'), 
{^zi^ Ap} = 0, {Azi, Ap} = 0, 

We define fields with target complex coordinates so as to be 

{A.a, Ap} = 5l5{z - z% Ap} = 5'j{-z - z'), 

and to be similar relations for their complex conjugates. Complex conjugate fields satisfy 
= A^ , and Aza = Azd- 
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If the gauge symmetry of the theory is partially fixed by the BV procedure, the action 
reduces to A model action in |129j . We fix c"*"*, A^a, and (pf. The gauge fixing fermion is 

7t[i]s 

Then the gauge fixing conditions are 

= 0, 

0..-+ = -^5.-(^7ad(0)Af), 

ct>^A=^d,{9aa{ct>)Ar). (10.88) 

Substituting (110.881) to (110.871) . and integrating out Aza and Aza by the equations of motion, 
we obtain the original A model action [129] : 

^1 = jj''z(^gaad-zrdzr-ir,DzXa-li^:D-zXa + Raa''r,^^^^ 

where 

x^ = ^Q, A;^ = r,, A;^ = r,, 

DzXi = dzXi- ^ijdz<l)^Xk, 

D-zX^ = ^-zX^-T^,^-zCP^Xk. 

10.2 B Model 

In the Example 18. 2[ we take a local coordinate on the target space such that J*j 
gjfc^j Then the BV action is simplified: 

Jx 

The superfields are expanded by 6: 

= + ef^ + ef^ 

= g(0)^+g(l)*+g(2)«, 

(0) , (1) , (2) 
Pi = Pi +Pi +Pi ■ 



■ (-". J) ■ 



(10.89) 
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The gauge is partially fixed as A model. We take different gauge fixing conditions for the 
holomorphic and antiholomorphic parts as follows: 



X 



(2)a ™ (1)6 _ r. 

•^7.7. ' ^ be 7 -^7 "-"l 



e = 0, 

J2) _ „ ^(2) _ DC ^(i)«^(i)6f(0) _ _/r) ^(1)^ , n-T(i)''^r7 ■ 

Pi°^=pi'^=pi'^=0. (10.90) 
Substituting (110. 90p to (110. 89p . we obtain the original B model action [129] : 

S = I d\ {g^.dzct^'d-zct^^ + ivliD^pl + D,p:)g,, + ^^,(Z},p: - D^p^) - R^.^yplplv^'Ocg''') • 

where = 0*, x''^^"' = p", ^1°'' = 6a and p^"'' = ?7°. 



11 Quantization 

The AKSZ theories are quantized by the usual procedure of the BV formalism. Quantization 
is concretely carried out in only a few case and not well understood so far. In this section, 
we explain one important example. 



11.1 Poisson Sigma Model on Disc 

A path integral quantization of the Poisson sigma model on disc derives the Kontsevich's 
deformation quantization formula on a Poisson manifold [25j. We briefly explain this model 
as an example of the quantization of an AKSZ TFT. The details should be referred to the 
paper [25] . 

11.1.1 Deformation Quantization 

A Poisson manifold is a manifold M with a Poisson bracket. 
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Definition 11.1 [deformation quantization] Let M be a Poisson manifold. Let C°°(M)[[/i]] 
he a set of formal power series on C°°{M), where h is a formal parameter. A deformation 
quantization is a product (star product) * on C°^(M)[[/i]] satisfying the following conditions. 

(1) For F,G e C'^{M)[[h]], F*G = Y.k Bk{F,G) is bilinear, where Bk is a bidiffer- 
ential operator such that Bq{F,G) = FG, Bi{F,G) = {F,G}p,b.- 

(2) ForF,G,He G°°{M)[[h]], * is associative, i.e. 

{F*G)*H = F*{G*H). 

(3) Two star products * are equivalent if they coincide by a following linear transformation: 
F' = J2k iM)^ '^ki.F) , where is a differential operator. 

The following theorem has been proved in [25] : 

Theorem 11.2 The correlation functions of the Poisson sigma model of observables on the 
boundary on disc coincide with a star product formula on a Poisson manifold called the Kont- 
sevich formula. 

11.1.2 Path Integral 

Let us consider the disc D = {z E C\\z\ < 1}. Since the Poisson sigma model is invariant 
under conformal transformations, disc is mapped to an upper half plane E = = 0"° + 
ia^\a^ > 0} by a conformal transformation. We consider 

S = So + Si= [ d^ad^e (A^dfj)' + \f'^{cf>)A,A^ , (11.91) 

where 0* = x"'^'^^ and Aj = ^^(o)- 

A partition function of the theory Z = f^T)^ e^"^' and correlation functions 

/oo 
P$ Ci ■ ■ ■ ae^^' = ^^^k{Oi ■■■Or), 
k=0 

are calculated by a formal expansion of h, where Sq is a gauge fixed quantum action and Og 
is an observable, where P$ is a measure on all the fundamental fields and ghosts. 
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Since no complete superfield formalism is known in the quantization of AKSZ theories, we 
need expansions to component fields. Each superfield is expanded by 9 as 

Ai = -a + A + (/)+. (11.92) 

11.1.3 BV Quantization 

Generally, the gauge symmetry algebra of an AKSZ theory is an open algebra. Therefore we 
need the BV quantization procedure j50]. In order to compute the partition function, the 
gauge fixing of the action S is needed. 

First we introduce a FP antighost c? of ghost number gh c* = — 1, a Nakanishi-Lautrap 
multiplier field 6* of gh 6* = 0, and their antifields = \6^6^c^^^ of gh cf = 0, and bf = 
of gh 6^ = — 1. The P-structure (antibracket) is extended to them as 

{c\cl} = {b\bl} = 6^„ (11.93) 

and other commutators are zero. 
The gauge fixing term 

Sgf = - [ d^crd^O Vet (11-94) 

is added to the BV action S in order to make a gauge fixing. We define Sq = S + Sgf- 

Next the gauge fixing fermion \l/($) of ghost number 1 is considered to restrict the path 
integral to L on the space of all fields. This is a function of only fields and ghosts and not 
antifields. All the antifields are fixed by the gauge fixing fermion. We take a gauge fixing 
fermion 

^ = /" d^ad'^9 ed*Ai. 
Jt[i]t. 

The BV gauge fixing is carried out by substituting the equations 

for to Sq. Gauge fixing conditions are 

cf = d*Ai, A+' = *dc^, 
0+ = O, c+ = 6+ = 0. 
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Substituting these equations, we obtain the gauge fixed action by restricting the action to a 



Lagrangian subspaces of the space of all fields, Sq\L{^) = — "^^^ 



Sg\L = I d^aSe[Aid(j)' -*dc'dci-Ud* Ai 

Jt[i]t. \ 

+-fH<P)AA, - ^(0) * d-c'Ac, + -^g^{<P) * dc' * dc'cc, j . (11.95) 

The partition function Z must not depend on the gauge fixing condition. This means 
that the partition function is invariant under arbitrary infinitesimal changes of a gauge fixing 
fermion 

Z(^) = + 

This requirement derives the consistency condition for the quantum BV action Sg = S + Sgf- 

where A is an odd Laplace operator fl5.58p introduced in section 5. This equation is equivalent 
to the quantum master equation: 

2inASg- {Sg,Sg} =0. (11.97) 

An AKSZ theory satisfies this equation formally. Especially an AKSZ theory satisfy equations 
ASq = and {Sg, Sg} = 0. We need a renormalization to prove these equations beyond formal 
calculations |? 

A correlation function of an observable O: 



J L,cj) (oo) 



<3 

X 



also should be invariant under infinitesimal changes of the gauge fixing fermion ^. This 
condition is 

A (^Oes^^j = 0. (11.98) 
This equation is equivalent to the following equation: 

ihAO - {Sg,0} = (11.99) 



naive equation may be broken like the notes in the end of section 5, but we can properly regularize the 
equation in this case 
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11.1.4 Boundary Conditions 

Boundary conditions on eacli field are determined from consistency. Tlie variation of tlie 
action is 

6S= [ d^ad^e (sA,dcf/ + Ad6(f>' + 6cf>'l^{cl>)A^Ak + P{c|>)6AA^ , (11.100) 
Jt[i]e V ^ J 

In order to obtain the equations of motion, we need integrate partially the second term 
Aidb^)" . Its boundary integral must vanish: 

\ d'^ad^e d{AiS(f)') = [ da^de^Ai5(f)' = [ da^d0^A5^' - Ci5A+') ={a.l. 101) 

Jt[1]S JdT[l]T: JdT[l\T. 

In order to satisfy the equation flll.lOip . locally two boundary conditions = or 50* | = 0, 
and Ci\ = or ^A^^\ = are possiblj? Here Aj^ = Aoi means the parallel component on 
the boundaries. In order to obtain a nontrivial solution for 0*, which is a map of the sigma 
model, we require A//i\ = and Ci\ =0. The classical equations of motion is 



d(p' + r{cp)Aj = o 

1 dp'' 
2~d~ct> 



dAi + -^{<t,)AjAk = 0, 



From the equations of motion and the boundary conditions for A//i and Cj, we obtain the 
boundary conditions 0*| = =constant and AjJ\ = 0. We summarize the boundary condi- 
tions: 

0* = = constant, A//i = 0, 
a = 0, Ajj = 0. 

Similar consistency conditions for the gauge fixed action flll.QSp lead the boundary con- 
ditions for the ghosts: 

0+ = O, c+ = 0, 

= constant, 6* = 0, bf =0, cf = d* Ai. 

These boundary conditions are consistent with the master equations on the boundary. 



'^Other more general boundary conditions are analyzed in |28] 
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11.1.5 Propagator 

The first line of tlie gauge fixed action flll.QSp : 

Sf = [ (fa(fe{A,d<P'-Ud*Ai 
Jt[i]s V 

= / £a(fe [A^dcf)' + Ai* dh' 
Jt[i]s \ 

defines the propagators. Gauge fixed superfields are 

Ai = -a + Ai + O, (11.103) 

where = + y?* and x* is a classical constant solution of 0*. 

Let G{z,w) be a Green function such that * dwG{z,w) = 2tt6{z — w) and its bound- 
ary conditions are Dirichlet for z and Neumann for w. Then the solution is G{z,w) = 
j-An [glglglg - The super propagator is computed as 

{cp\w)A,iz)) = ^S]{d. + d^)G{z,w), 

so as to be consistent with the boundary condition for each field. Here d^ is a super derivative 
with respect to a variable z and d^ is one with respect to a variable w. Though there is a 
propagator of Ai and 6*, we omit that since a star product does not need it. 



*dddcj 



Cjd * dd 



;il.l02) 



11.1.6 Vertex 

5*7- defines vertices. Si is combined by gauge fixed superfields (111.1031) as 

^'^^'^ [l^rimA, - ^(0) * dc'A^c, + 4 ^^(0) * dc' * dc^c.c,j 
= [ cfa(fe\r{ct>)AiAj. (11.104) 

JT[1]E 2 

In order to identify the vertices, and A.^ are expanded around the classical solutions 
(p' = + cp' and Ai = + A^: 

I r °° 1 

Si = - £ad'9j2T:^d,,d,,---d,,rix)<p^^^^^---cp^'^AA„ 
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which determines vertices of order h~^. There are the infinite number of vertices. A k-th 
vertex has two A fines and k (p fines with the weight \j\djj^dj^ ■ ■ -dj^f^^x). 
The path integral of an observable O is 

/OO 
0et(5^+5,) ^yj_ Oei'^^Sl (11.105) 
^ ^'^n! J 

Since is a function of superfields cp and A, this path integral is computed by the integration 
of the combinations of propagators {ifi'^{w)Aj{z)) like the usual perturbation theory. Combi- 
nations are calculated by the Feynman diagrams. Using the Wick theorem for the order 
Feynman diagram F, the order h"' path integral is the integration of the propagators 

where (u,, Mi,i(j)) and (uj, Uv^ij)) are the end points of each propagator (j = 1, ■ ■ ■ , ra) on T[1]S. 
This leads the bidifferential operator of a star product (— l)"i?r„(F, G) of order n. 

11.1.7 Renormalization of Tadpoles 

Contributions from tadpoles are renormalized to zero in order to derive a star product. It 
can be carried out consistently. We can add a gauge invariant counter term to subtract all 
tadpole contributions. A counter term is 

^ct = / a 6a a -. — AjK, 

Jr[i]E d(f)' 

where k is a subtraction coefficient of the renormalization. The path integral coincides with 
the Kontsevich star product formula after this procedure. 

11.1.8 Correlation Function 

Let us compute correlation functions of observables on the boundary (vertex operators). 
From the boundary conditions, a nontrivial observable is an arbitrary function of (f) because 
a function of (f), F{(f){z)) satisfies the equation flll.99p on the boundary for arbitrary F. 
Let us consider an observable O = F {(f)(t))G{(/){s)) , where t and s are coordinates on 
the boundary. The conformal transformation in the world sheet fixes three points 0,1, oo 
on the boundary. The boundary condition is fixed at cr° = oo and O is transformed to 



1 / (i^)" \ 
d V(27r)2« ) 
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O = -F(0(1))G'((/)(O)) by the conformal transformation. The correlation function of this 
observable is computed by the perturbative expansion. The first two terms are the classical 
solution and the tree amplitude: 



and higher order terms are determined from the Feynman diagrams. The Poisson sigma model 
has been determined from only a Poisson structure on M, higher terms in the expansion are 
described by f^^ and its differentiations. From the equation (111.1061) . this correlation function 
satisfies the first condition in the definition 111.11 of a deformation quantization. 

If /*"'(a;) = f^^ =constant, the perturbation is simplified in all orders. In this case, only 
tree graphs are nonzero, therefore we obtain 



This is nothing but the Moyal product, which is a star product for the constant /*■'. 
11.1.9 Associativity 

We explain that the correlation function flll.lOGp satisfy the conditions 2, associativity in 
the definition 111.11 Associativity is derived from the Ward-Takahashi identity of the gauge 
symmetry of the theory. In the BV formalism, the quantum master equation flll.96p is 
equivalent to 



Take an observable O = -F(</)(l))G(0(t))if(0(O)) on the boundary, where t is a coordinate 
on the boundary such that < t < 1 and r is its supercoordinate. Since the conformal 
transformation in two dimensions fixes only three points, this observable has the moduli t. 




(11.106) 





(11.107) 
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From flll.l07p . we have 

dtdTV<!> A (^F{(f){l))G{(p{t))H{(f){0))e-^^^^ = 0. 



(oo)=x,l>t>0 

From flll.96p and flll.l07p . we obtain 

dtdTV<^ {5g,F((/)(l))G'(<^(t))i7(0(O))}e^^^ = 0. 

■oo)=x,l>t>0 

Substituting {Sg, F{(f){l))G{(f>{t))H{(f>{0))} = -d (F(0(l))G(0(t))/f(0(O))) and applying the 
Stokes' theorem, this path integral becomes a boundary integral of the moduli space: 



lim / (F(0(l))G((^(t))i/(0(O))ei 

-lini / (Fm))G{m)H{m)e 
This equation is the associativity relation 

{F * G) * H - F * {G * H) = 0, 

for F,G,H eC°°{M)[[h]]. 

Next we discuss the condition 3 in the definition I ll.li It is sufficient to prove the following 
statement. Let -F((/>) be a function such that {F{x),G{x)}p^ = for any G. Then prove 

(F(0(1))G(0(O))) - (F(c/>(-l))G(0(O))) = 0. (11.108) 

Since (F(0(1))G((/)(O))) = F* G{x) and (F(0(-1))G((/)(O))) =G* F{x), this derives that 
any star product constructed from {F {x) , G (x)} p ^ = derives F * G{x) — G * F{x) = 
{F,G}pp=0. 

If {F{x),G{x)}p^ = 0, then F{(j)) satisfy {S, F{<p{u))} = dF{<p{u)) on interior points u 
on disc. The Ward-Takahashi identity for this observable 



[ P$ A (F(0(ti))G(0(O))es^') = 0, 

J<t>(oo)=x ^ ' 



(oo)=a; 

is satisfied. This derives the equation flll.l08p after the point u approaches the boundary. 

k 



Jd>(oo)=x , V ^ / 



{oo)=x ^ 

represents the equivalence transformation of two star products from the factorization argu- 
ment of the moduli space. 
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11.2 Formality 

The mathematical proof of existence of a deformation quantization on a Poisson manifold 
[75] [25] is called the formality theorem and closely related to the quantization of the Poisson 
sigma model in this section. There are many mathematical documents about the formality 
theorem. Since this is not the theme in this article, here we express a (none rigorous) story 
of formality. 

11.2.1 Differential Graded Lie Algebra 

The input datum in a deformation quantization is a Poisson bracket {F, G}p,b.- As we saw in 
Example 14. 3[ this structure is reinterpreted in term of a graded language. Here we consider 
a differential graded Lie algebra. 

Definition 11.3 A differential graded Lie algebra (g, { — , — }, d) is a graded algebra with 
Z-degree g (Bkez d'^[—k] where is a degree k part of q, { — , —} is a graded Lie bracket and 
d : g'^ — > q'^'^^ is a differential such that rf^ = 0. 

_ ipj^rj,^^. /\^^ Qp manifold of degree 1 is also regarded as a section of a space of the 
bivector fields ai = A dj (2nd order antisymmetric tensors) on M, g = r(A^TM). 

We also denote this space by gj^ = Tp^iy{M). This is a differential graded Lie algebra, if we 
take a Schouten-Nijenhuis bracket [— , —]s as a graded Lie bracket and d = 0. 

11.2.2 Maurer-Cartan Equation 

Next we consider the subspace of the solutions of the Maurer-Cartan equation (iQ;i+i[ai, ai]^ = 
in g\, where ai G gj. This space is denoted by AiC{Q\) = g\/^. It is equivalent to 
the solutions of the classical master equation {0,0} = of a QP manifold of degree 1 
because d = 0. Therefore an element of J^C{g\) defines a Poisson bracket {F,G}p,b. = 
\f'^{x)d,F{x) A djG{x) on M. 

11.2.3 Hochschild Complex 

The h} order of the deformation quantization is the classical theory. From ai = ^f^^ {x)diAdj, 
first two terms are determined as (F, G) — > Bo{F, G) + f -Bi(F, G) = FG+'^\f'^ {x)diFdjG G 
Hom(A®2, A) where A = C°°{M) and F,G E A. 
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From (3) in Definition Ill.H two expressions of Bo{F,G) + ^Bi{F,G) are equivalent if 
they coincide in the h} order by redefinitions F and G as F' = F + ^VF. A redefinition 
is an element Hom(y4,y4). In order to prove associativity, we must consider B.om{A^^,A). 
dai + «i]5 = is mapped to the associativity relation, 

(F, G, H) — ^ FGH - FGH + y H) - Bi{F, GH) + G)H - FBi{G, H)) 

+ iB,{Bi{F,G),H)-BiiF,Bi{G,H))) = 0, (11.109) 

on Hom(A®^, A) in the classical level. To realize this identity clearly, we define a second 
differential graded Lie algebra 02- 02 = ®kez,k>-iQ2[~^^ where 02 = Hom(A'^'^"^^, A). 02 
is denoted by 02 = D^^iy^M) and 02 = Dpoiy{M). For an element C G 02, a differential is 
defined as 

k 

{dG){Fo ® ■ ■ ■ ® Fk+i) = FoC{Fi ® • • ■ ® Fk+i) - ^ C{Fo ® • ■ ■ ® ® • ■ ■ ® Fk+i) 

r=0 

+ {-lfC{Fo^---(S)Fk)Fk+i. (11.110) 
(02, (i) is called the Hochschild complex, A graded Lie bracket is defined as 

[Cl, C2] =CioC2- {-lf'''^C2 O Cl, (11.111) 

CioC2(Fo®---®Ffe,+fcJ 

k 

= ^(-l)"'^Ci(Fo ® ■ ■ ■ ® Fr-l ® C2{Fr ® ■ ■ ■ ® ® + l ® • • ■ ® i^fei+fcj, 

r=0 

where Gi G 02' and G2 G 02^ 

For an element 5 =G 02. the Maurer-Cartan equation da + |[5,5] = is equivalent to 
the associativity equation flll.lOQp . Equivalence under redefinitions also is expressed by the 
Maurer-Cartan equation on 0°. Therefore we should consider the subspace of the solutions of 
the Maurer-Cartan equation in 02. This is denoted by A^C(02) = 02/~- 

A map on two differential graded Lie algebra in the classical level is Ui : q\ — > gl, 
such that Ui : ^f^^{x)di A dj t-> (Fq ® Fi ^f^^ {x)diFodjFi) . Since this map preserves the 
Maurer-Cartan equations, this induces the map Ui : AiC{g\) — )■ A^C(02). 

A deformation quantization is expressed as follows. Fix the map Ui. The problem is to find 
a morphism on deformations of two differential graded Lie algebras hj h, U : A^C(0]^[[/l]]) — > 
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MC{52m]). Here 9 = f 61 + (f )' 62 + ■ ■ ■ and So + f + (f )' ^2 + ■ ■ ■ • The deformed 
Maurer-Cartan equation must be imposed for redefinition equivalence and associativity con- 
dition in Definition 111.11 

The deformed Maurer-Cartan equation on A^C(g2[[^]]) cannot be preserved by a hnear de- 
formation of Ui because Ui does not preserve a graded Lie bracket. Therefore the construction 
of U needs a nonhnear extension of Ui. 

11.2.4 Space of Polyvector Fields 

Discussion becomes clear to extend q\ to a differential graded Lie algebra of polyvector fields 
Tpoiy{M) = Si = ®kex,k>-i9i[-k], where = T{a''+'TM). An element is = a^''-^''ix)dj,A 
■ ■ - Adji^ = ■ ■ ■ G g^, A differential d = and a graded Lie bracket is a Schouten- 

Nijenhuis bracket which is equivalent to the P-structure {— , — } of degree 1. 
It is natural to define a map in the classical theory as follows: 

(^Fo®---^Fk^ _2_a^o-..(3,)5^.^j7^^ . . . g.^^p^^ (11.112) 

Though this map is not isomorphic, we can prove that Ui induces the isomorphism of the 
(i-coho mo logics of two spaces Tpoiy{M) and Dpoiy{M) [124\ \. If their cohomologies are isomor- 
phic, two spaces are called the quasi- isomorphic. 

11.2.5 Loo-Algebra and Loo-Morphism 

A differential graded Lie algebra is embedded to a more general mathematical object, an Loo- 
algebra. If we consider an Loo-algebra, nonlinear correspondence among the Maurer-Cartan 
equations is clarified. 

For a graded vector space V = ®k&V^ , we consider a graded commutative tensor algebra, 
C{y) = ©^]^V®". A coassociative and cocommutative coproduct is defined on C{V) as 

n— 1 ^ 

A{vi,--- ,Vn) = kUn - A;)! ^^^^^^ " " " ^^^^^^ ^ ^Mk+i) " " " ^^(n))- (H-HS) 

0-G6 k=l '' 

'The cohomology on Tpoiy{M) is trivial because of d = 0. 
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Next assume multilinear maps of degree 1, 

[fc : y®'^ V, 

(f 1 ® ■ ■ ■ ® t;n) ^ k{vi ■■■Vn). (11.114) 
Then we define a co differential Q = J2T=iQk, where 

Qk{vi, ■■■ ,Vn) = ^e(cr) ^_ ■ ■ ■^'T(fc)) ® ?^<7(fc+l) ® • • ■ ® t^,7(n),(ll-115) 

o-ee '^^ 

Definition 11.4 A pair {V,Q) is called an Loo-algebra (strongly homotopy Lie algebra) if 

g2 = 0. |Z2f . 

If we expand Q by Ik, we find first two terms are ii = d and [2(— , — ) = [— , — ] from = 0. 
A graded differential Lie algebra is embedded by = ^'^^^[1] — > V^^^ and Ia; = for k >?>. 
We define a Loo-morphism of two Loo-algebras. 

Definition 11.5 A map U : {Vi^Q) — > (V2,Q) is called a cohomomorphism if the map 
preserves degree and A o U =(t/®f/)oA. 

Definition 11.6 A cohomomorphism U of two L^-algebras is called an L^-morphism if 
UQ = QU. 

Let us define e'" = 1 + v + -^v + <^v + ■ ■ ■ and Ui^e"") = h{v) + ^l2{v <^ v) + ^l^^v ^ 

V ^v) + ■ ■■ . 

Definition 11.7 The Maurer-Cartan equation on an L^o-algebra is, by definition, Ule"") = 0. 

This equation is equivalent to Qi^e"") = U{e'")e^ = 0. If a Loo-algebra is a differential graded 
Lie algebra, 1^ = for A; > 3, then Q{e^) = is the Maurer-Cartan equation da + a] = 0. 
Therefore AiC^g) is expressed by elements satisfying Qie"") = in {V,Q). 

Let Vi = Tpoiy{M)[l] and V2 = Dpoiy{M)[l]. Then if the following theorem is proved, a 
deformation quantization is constructed as a special case. 

Theorem 11.8 (formality theorem) There exist an L^o-morphism from {Tpoiy{M)[V\,Q) 
to {Dpoiy{M)[V\,Q) such that Ui is the map in Equation M L 1 IB. 
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11.2.6 Correspondence to n — 1 AKSZ Sigma Model 

We can observe that the Poisson sigma model has all the ingredients explained above. The 
Poisson structure is only input data in the Poisson sigma model. The Maurer-Cartan equation 
is the master equation. 

The quantization as a physical theory introduces one parameter h and deform the corre- 
lation functions by h. The Ward-Takahashi identity on the correlation functions derives the 
quantum Maurer-Cartan equation on the deformation. 

In order to generahze L^o setting, the Poisson sigma model is generalized to the AKSZ 
sigma model corresponding to AlC(0i[[fi]]). Prom the data of M.C{qi), the AKSZ model is 
constructed by generalizing the Poisson sigma model: 

d-l 

S — Sq + Sap 
p=0 

d-l 



where a, A- ■ -A^ e A^+^TM. S^, = /^[^j^ ciVci^^^^a^o -^K^)^,., " " " ^jp 
and a^°^^{(l)) — f^°^^{(p). This action has no more degree zero. The Maurer-Cartan equation 
on M.C{qi) is nothing but the classical master equation {S, S} — 0. 

We take the same gauge fixing fermion and the same boundary conditions as the Poisson 
sigma model. Prom the analysis of the moduli on the space of observables, we find the 
observables on the boundary have the following form, 

0,{Fo, . . . , F^) = [ d^t [Fo{4>{to, eo)) ■ ■ ■ Frr^mm, ^.n))]^"^"'^ (5,(0(oo)) , (11.116) 

where ti are points on the boundary such that 1 — to > ti > ■ ■ ■ > tm-i > tm — 0- is the 
moduli space satisfying this inequality. The map U is given by, 

U{a){Fo®---^Fj{x) = y"a(Fo,...,Fjet^', 

where the integral is the path intergral including the moduli. We obtain the Loo-morphism 
from Vi to V2, U{a) = X^^i ^Un{ai, ■ ■ ■ , «„) by the perturbative expansion of Sa^, where 
Un '■ V^'^ — y Vi. Loo morphism property, which derives the Maurer-Cartan equation, is 
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proved from from the WT identity, 



n m—1 m—k 



e=o k=i i=o creei,„-i 




■ ® Fi+k) ® Fi+k+i Fm) 
,aj, . . . ,a„)(Fo (g) ■ ■ ■ (g) 



(11.117) 



where 



n+m—l 



[/„(q;i, . . . , 



/ 



0,{F, 




12 Comments and Future Outlook 

The AKSZ construction is a clear method to construct and analyze TFTs. Though impor- 
tant aspects have been discussed in this lecture, we could not explained all topics of the 
AKSZ TFTs. We have many TFTs and many related subjects in the AKSZ construction not 
discussed in this lecture. 

The Poisson sigma model on a general Lie algebroid is considered and analyzed in [16] |136j |123j , 
called a Lie algebroid Poisson sigma model. Several versions of TFTs with a generalized geom- 
etry structure has been constructed in two, three and higher dimensions |131] |132] [97] [66] [67] 
[32] . The Rozansky-Witten theory has been formulated by the AKSZ construction in three di- 
mensions [98]. Open p-branes with open worldvolume boundaries have been analyzed [96] [55] . 
A TFT with the Dirac structure called the Dirac sigma model is [HI] [H3] . Three dimensional 
version of A model has been proposed in [117] and the relation of a doubled formalism and 
the AKSZ formalism is in [118] . A topological sigma model with a Nambu- Poisson structure 
has been constructed in [TB] [IIU] . which is called the Nambu-Poisson sigma model. Poisson 
(and symplectic) reduction in the AKSZ language is discussed in [22] [35] [TM] [135] [137] [T3] . 

Many other geometric structures have been realized in the AKSZ construction [133] [lOOj 



General structures of this formulation and applications to various aspects of quantum 
field theories are analyzed in [lO] [37| [38] [65] [7] [H] [15] . The AKSZ construction on a discrete 
spacetime has been considered in [T5| [1] . Categorical and graded versions of bundles related 



nmm- 
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AKSZ method are considered [82j. Categorical and Chern-Weil formulation of the AKSZ 
construction is in |l0]. 

References will be useful for reader to refer to more topics. 

The geometric structures of AKSZ theories are not satisfactory analyzed so far. Many 
geometric structures have been realized by AKSZ TFTs, but there exist some geometric 
structures not formulated in an AKSZ TFT yet. For example, the Nambu bracket itself, 
which appears in a membrane theory, is not constructed as a target space structure of an 
AKSZ TFT, though the Nambu-Poisson structure has been realized by the AKSZ sigma 
model on a manifold with a boundary [TSj . In this lecture note, we do not sufficiently discuss 
AKSZ theories on an open manifold. However they are important and may be related to 
higher categories. 

Since gauge structures are algebroids, their structures are highly nonlinear and degener- 
ate in general. Analysis of their structures including quantizations is difficult. Geometric 
structures in general dimensions including quantizations should be analyzed. There are other 
important problems such as globalization to groupoids [2S] [SZ] or nonperturbative effects such 
as instantons or monopoles. 

AKSZ TFTs not only has reformulated topological invariants, but also propose new topo- 
logical or differential topological invariants. Mathematical analysis may solve problems such 
as classification of differential topological manifolds. It will be important to analyze relations 
to mathematical formulation of TFTs [3], which is not so clear yet. 

Quantizations of the AKSZ TFTs have been analyzed by many authors, for example, 
[56] [17] [15] [99] [100] [70] , but it is not completely successful to analyze quantization of general 
AKSZ theories. Gauge fixing procedures are complicated because they need BV formalisms. 
The gauge fixings are not formulated by superfields. Moreover the moduli space of observables 
in the path integral is not clear in higher dimensions more than two dimensions and it is 
difficult to generalize formality. 

TFTs are a closely connected subject of mathematical and physical arguments. AKSZ 
TFTs have rich contents and will shed light on both mathematics and physics. 
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